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Abstract

In this thesis, we study the initial-value problem associated with a class of
time-dependent Kohn—Sham equations coupled with Newtonian nuclear
dynamics, which describes the nonadiabatic dynamics of molecular, spin-
unpolarised systems. The time-dependent Kohn—Sham equations, which
form a quantum-mechanical description of the electronic evolution, serve
as an approximation of the time-dependent Schrodinger equation. The
effective potential in the Kohn—Sham description includes an unknown
part, the exchange-correlation potential. We study the Kohn—Sham
equations in a generalised form of the so-called local density approxima-
tion: in this generalisation, the correlation term is set to zero, and the
exchange term is a pure-power exchange term with various ranges of ex-
ponents as parameters. Using the mean-field Ehrenfest approach, which
is a nonadiabatic mixed quantum-classical dynamics method, the time-
dependent Kohn—Sham equations are coupled to a classical-mechanical
description of the nuclear dynamics. The resulting system is a Hamil-
tonian system, in which the total energy and the electronic charge are
conserved quantities over time. In this thesis, we show local-in-time ex-
istence and uniqueness of solutions to the initial-value problem in the
Sobolev space H? for a certain range of exponents in the pure-power
exchange term. We also show, under a conjecture on convergence, re-
sults towards global existence of weak solutions in the setting of the
Sobolev space H! for another range of exponents in the pure-power ex-
change term, including the physically meaningful value that appears in
the original local density approximation.
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Chapter 1

Introduction and background

In this thesis, we study the existence and uniqueness of solutions to
initial-value problems associated with a class of time-dependent Kohn—
Sham equations coupled with Newtonian nuclear dynamics, which de-
scribe the non-adiabatic dynamics of a molecular, spin-unpolarised sys-
tem.

In the following equations,

Yk = Pi(z,t), Xk =Xg(t)eR?  2eR’t>0,

and we set

Nel
pi= |l
k=1
with the convolution

X _1* ) = p(:c’) :L'/
(- o)@) = [ 5 a

|z —

The equations are given by

NnuC

: Z
iy = — 2 Agthy — Kz: |*7§K‘¢k+ <|1 * p> Uk + ATy, (1.1a)
=1

ZK|: x—XK R XK—XL :|

Xy = d Z;—8 o 1.1b
T Mg \HT—XK\?’p(x)H 2 Xk — XL (1.1b)

with k € {1,...,Na}, K € {1,..., Ny} for given Nyye, Ne € N. Also,
Zk € Nand Mg > 0 are given. Further, we consider parameters A € R
and ¢ > 1.
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The time-dependent Kohn-Sham equations (1.1a) then describe the
electronic evolution in terms of single-particle wave functions v, and
have been extensively considered as an approximation to the time-de-
pendent Schrodinger equation, which reduces the electronic dynamics to
a single-particle description based on the density function p. Here, the
last term at the right-hand side is an approximation to a more general
term, called the ‘exchange-correlation term’, which in the fundamental
theory is not explicitly known. As will be shown in Chapter 3, which
describes the above sets of equations, this is the main difficulty in the
time-dependent Kohn—Sham approach: there does not exist a closed-
form expression for this term, by which one has to resort to approxi-
mations and numerical presentations. Our specific choice in (1.1) is an
approximation of the exchange part of the ‘local-density approximation’;
this way, we are able to study this term theoretically. In our approxi-
mation, we have parametrised this exchange part using the parameters
A € R,q > 1 to a generalisation in the form of a pure-power exchange
term, for which the physically meaningful value in the exponent equals
q = 4/3. The correlation part of the exchange-correlation term is put to
zero. We will study the local-density approximation and our approxima-
tion of the exchange-correlation in more detail in Section 3.1.

The time-dependent Kohn-Sham equations (1.1a) are coupled with the
equations (1.1b), which describe the nuclear dynamics.

1.1 Summary of the main results in the thesis

In this thesis, we study the Kohn—Sham functions vy, as elements of the
Sobolev spaces H?(R3) and H'(R3) (see also Appendix A.2) in order
to arrive towards well-posedness results. This study yields the following
results.

In the setting of H?, we prove a local-in-time existence and uniqueness
result in the range [7/2,+00) for gq.

Theorem. Let ¢ > 7/2 and A\ € R. Further, let ¢° € HQ(Rg;(CNel),
V0 € R3Noue gnd X0 € R3Nmue be given, with X9 #£ XY for K # L.

Then, there exists T > 0 such that the initial-value problem associated
to the system (1.1) with 1(0) = ¥°, X(0) = X° and X(0) = V° has a
unique solution (v, X) in the function space

Cl([O,T};L2(R3;CNe1)) N CO([O,T];HZ(R?’;(CNEI)) % Cz([O,T];R3ND“C),
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The proof of the above theorem combines Yajima’s theory for time-
dependent, linear Hamiltonians with Duhamel’s principle based on suit-
able Lipschitz estimates on the non-linearity in the right-hand side of
(1.1a).

In the setting of H', we investigate the range 1 < ¢ < 5/3, so including
the physically meaningful value ¢ = 4/3, and the case A < 0, which also
corresponds to its value in the original formulation of the local density
approximation. We use a Galerkin-type approximation method, based on
the variational formulation for the system (1.1). We first prove existence
of solutions (1", X™) in the space C*([0,T]; H') x C2([0, T]; R3"rue) for
arbitrary T > 0 to the truncated system of order n € N

(#f (1), ¢”)L2 = H(Voyp(t), Vad") 2+
Nnuc tx
< Z,x x|V / o d "R (t) — |A|[p"<t>]q-1wz<t>,¢”> ,

L2
(1.2a)
1 _ T — X;L((t)
N,
k() — X7 (1)
ZxZ Y, 1.2b
L;( O 0T (1:2b)
Y"(0) = 0 = Zak LY, XM0)=X"0  Xn0 =0 (1.2¢)

Here, Y € R3, and the approximated solutions 1" of order n € N are of
the form

= ap,(t)¢” € span{¢”}i_, C W,
v=1

with a}! , time-dependent scalar coefficients of class C'in C and ¢” the
(orthonormal) eigenvectors of the eigenvalue problem —A,¢+|z|2¢ = E¢
on = € R3, which form a basis of the Hilbert space

={oe HI(R?’)‘ / 22|62z < oo }.

Then, we perform a convergence argument in the limit n — oo, using
the following conjecture.
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Conjecture. Let T > 0 be arbitrary, and let {¢", X"} en denote a
sequence of solutions of (5.19). Then, for all K =1,..., Npyc

T ) -
/0 /MW[|1/)”(75,$)|2 — [¥(t, 2)[*]dzdt “—= 0.

Eventually, we arrive at the following existence result on weak solu-
tions. Here, L?L? denotes the space L?L? = LQ((O,T);L2(R3;CN61));
see also Appendix A.2.

Theorem. Let 1 < q < 5/3 and A\ < 0. Further, let ¥° € W, X? €
R3Nme /0 ¢ R3Nwe gych that X% # X9 for 1 < K # L < Nyye. Let
T > 0 be arbitrary. Then, there exists a pair

(v, X) € L2([0, T}; W) 0 L% ((0,T); H' (R% CY)) x C([0, T, R¥)
which solves (1.1) in the sense that for all

v e L*([0,T); H'(R®)) n H' ([0, T]; L*(R?)),
Y € C2((0,T); R?),

(1, X) is a solution of the initial-value problem

nu(:

—(ihk, 0) 1212 = 5 (Vathp, Vo L2L2+< Z ]a:—XK!

dw |A|pq1¢k,v) ,

’ L212

T .. _ x— Xg(t) ‘
/0 XK(t)-Y(t)dt—/(; ZK/p(t’$)|aj—XK(t)|3d$ Y (t)dt

$(0) = ¢°, X(0) = X°, X(0) = V°

The proof of the above theorem combines estimates on terms in the
total energy with (mainly compactness) properties of W and the approx-
imated solutions to the truncated system (1.2).

The above results aim to provide a solid foundation for computational
models typically employed in molecular modelling, which investigate the
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same properties of molecular dynamics, viz. dynamics (e.g. in chem-
ical reaction), and provide approximate numerical solutions in solving
the same equations. These solutions obtained by the models may dis-
play behaviour one cannot directly expect or explain. This is especially
important because of the wide class of different types of the aforemen-
tioned exchange-correlation term, of which the accuracy and stability
highly depends on the types of the usage and objective of the models:
see e.g. |LM22|. Unexpected or hard-to-explain behaviour can have
different causes: it can happen due to ill-posedness of the underlying
system of equations, needing theoretical research; inaccuracy or insta-
bility of the numerical methods the model uses, needing research to the
numerical models themselves; or the behaviour is accurate after all, and
one needs more understanding of the physics. Especially, existence and
uniqueness results prove to be valuable in these situations, as if there
is no solution to a system of equations, one can naturally expect weird
behaviour of a numerical ‘solution’; and if there is mo unique solution
to the problem, but the model expects it to be, the obtained numeri-
cal solution might in fact be a combination of several ones, without one
knowing so. Computational models can either way benefit highly from
theoretical research to the underlying problem, as it can explain the be-
haviour of the numerical solutions, and thus the models, and investigate
their stability.

1.2 A brief introduction to quantum mechanics

In this section, we will briefly introduce the most fundamental elements
of quantum mechanics, viz. the wave function and its probabilistic inter-
pretation, and the Schréodinger equation, which describes its dynamics.
Doing so based on the example of the quantum-mechanical atom model
also lays the foundation for the later discussion of the many-electron
problem and its implications for studies of dynamical electron-transfer
processes, leading to the objective of the mathematical work in this the-
sis.

1.2.1 The atom model and energy quantisation

Atoms are the smallest units of ordinary matter forming solids, liquids,
gases and plasmas. They, in turn, consist of the nucleus containing
protons and neutrons, and the shell with electrons. Protons and electrons
carry an elementary charge e ~ 1.60 - 10719 C with opposite signs, and
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electrons V2 nucleus

s proton

neutron

Figure 1.1: Depiction of a classical, planetary-type model of an atom, as
often encountered in textbooks and encyclopaedize. They misleadingly
depict electrons as particles that follow “classical trajectories”, while this
is exactly mot the case: this model cannot hold stable. Image source:
Encyclopaedia Britannica. [Edi22]

therefore are attracted to each other via the electromagnetic force. If the
number of protons and electrons is equal, the atom is neutral, otherwise
it is referred to as an ion. The same holds for all matter composed of
atoms.

This basis structure of an atom was first deduced from the Ruther-
ford experiment. It became apparent that the positive charge (hence
the nucleus) is concentrated in a dense (~ 1073 — 107!? c¢cm) region
of space, while the electrons are occupying the remaining space of the
atom, on the order of 1078 cm. First models to describe this internal
structure of an atom built on classical physics with an analogue of the
planetary model of the solar system, as shown in Figure 1.1. With the
electromagnetic force in place of gravity, the electrons supposedly or-
bit the nucleus on similarly well-defined trajectories as the planets orbit
the sun, although some fundamental differences arise in the fact that
the gravitational forces among celestial bodies are exclusively attractive,
which is not the case for the electromagnetic force.

This classical, planetary-type-model model is problematic, however.
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Even in the simplest case of the hydrogen atom, the single electron’s
trajectory is unstable. The angular acceleration acting on the charged
particle in the electromagnetic field of the nucleus causes the emission
of electromagnetic waves, which continuously carry energy away from
the electron and, eventually, would make it spiral into the nucleus at a
timescale of ~ 107 !'s. Our existence is evidence enough that there is
something amiss in a classical picture of nature at very small, atomic
scales.

Quantum mechanics offers a different perspective on this problem.
Max Planck early on posed that electromagnetic radiation is emitted and
absorbed in discrete amounts, which he coined quanta. Albert Einstein
went further on this idea, and made the suggestion that the electromag-
netic radiation itself consisted of particles, which were named photons.
With this, Niels Bohr later revised the model of an atom postulating
electrons moving on fixed orbits or shells, each of different, but fixed
(quantised), energy levels. The quantisation of the energies implies that
energy can only be lost in discrete amounts, “avoiding” the continuous
energy loss of the planetary model.

1.2.2 Wave-particle duality

Besides the quantisation of the energy (which extends in general also
to other quantities like energy, momentum, or angular momentum), the
microscopic world also differs in other ways from our classical, everyday
intuition, which include the wave-particle duality, the uncertainty princi-
ple as well as processes like tunnelling and entanglement. We will briefly
talk about the wave-particle duality in the following, as it paves the way
to a formalisation of quantum mechanics in a mathematical sense.

One of the best demonstration of the wave-particle duality, i.e., the
fact that particle at small scales behave both like particles and like wave,
is in the context of the double-slit experiment. When a bundle of coher-
ent light impinges on a plate with two narrow slits and on a detection
screen behind, a pattern is observed that is explained as a result of in-
terference of elementary waves emanating from each slit. When one of
the slits is blocked, individual intensity distributions, say p; and ps are
recorded. When both slits are open, the observed intensity distribution
p is, however, not the sum of the two separate distributions: p # p1 + po.
This is unsurprising for light, as it was traditionally assumed to be an
electromagnetic wave. However, when one repeats the same type of ex-
periment with an electron beam instead of light, one observes the same
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interference patterns. The electrons (plural!) behave like a wave. This
has two important implications:

1. Matter behaves in a random way. We cannot predict where a par-
ticular electron will hit the screen; we can only determine the dis-
tribution or density of the locations. The behaviour of individual
electrons is indeed intrinsically random;

2. Matter shows wave-like properties. The intensity pattern, or inter-
ference pattern, in the case when both slits are opened is wave-like:
it is similar to when a wave would propagate through those slits.
If, instead of the probability distributions p; for the cases when
only slit j is open, we would look at the corresponding wave in-
tensities |u;|?, with u; = a;e'?i, amplitudes a; and phases ¢;, we
can observe that for the intensity |u|? for the case when both slits
are opened, it holds that |u|® oc |uy + ua|® # |ui|® + |ug|?. The
mentioned randomness in the behaviour of electrons thus behaves
according to laws from wave mechanics.

Both of these statements imply that a formal theory of quantum
mechanics most be seen in a probabilistic setting. By Born’s rule, named
after Max Born, we know we can find a mathematical description of
a probability by taking the square of the absolute value of a complex
number. This is then known as a probability amplitude. By this, a
quantum particle, like an electron, can be described by a wave function:
this associated to each point in space a probability amplitude. Then, by
the Born rule, we then get a probability density function for the position:
this then describes whether the electron will be found at this position
when an experiment would be performed in order to measure it. Note
that this is the best we can obtain: there is no certainty where an electron
can be found. Then, the Schridinger equation can relate the set of
probability amplitudes for one moment in time ¢ to the set of probability
amplitudes for another moment in time ¢'. This will be outlined upon in
the remainder of this section.

1.2.3 The wave function

The mathematical formulations in quantum mechanics enable a rigorous
description of the theory. The main ingredient for this description comes
from functional analysis, particularly Hilbert spaces: scalar inner product
spaces which are also complete metric spaces with respect to the distance
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function induced by their inner product. An example of a Hilbert space
is the Lebesgue space L?(IR?) (see also Section A.2), which is the space
of square-integrable functions:

L*(R3) := {f : R? — C measurable ‘ /]1%3 |f(2)]*dx < oo}. (1.4)
This space is an inner product space, with the inner product given by
() = [ | @) gl (1.5
This inner product then induces the L?(R3) norm as follows:

I = [, If@) P, (1.6)

Since L?(R3) is complete with respect to the induced distance function
d(f,9) = |f — gllL2sy (under the equivalence relation f ~ g if f =g
almost everywhere), it indeed forms a Hilbert space.

A main difference in the mathematical description of quantum physics
from classical physics, is that measurable, physical quantities, called ob-
servables, like energy and momentum, are no longer viewed as function
values in some phase space, but as eigenvalues; in particular, spectral
values of linear operators on Hilbert spaces, mostly the L? space.

Any system in quantum mechanics is described by a state, which we
call a quantum state. A quantum state is a mathematical entity, pro-
viding a probability distribution for outcomes of possible measurements.
Any mizture of quantum states (so a countable convex combination) is
again a quantum state. Any quantum states that cannot be written as
such a mixture of other states are called pure quantum states; all other
states are called mixed quantum states.

Pure states are also known as state wvectors, or wave functions, a
complex-valued function, depending on position (and/or momentum)
and time. Then, it provides information in the form of probability am-
plitudes, about what measurements of a particle’s energy, momentum,
and other physical properties may yield. It resides in an either infinite-
or finite-dimensional Hilbert space; usually this will be the L? space.

Let us for now consider, as an example, a single quantum particle,
like an electron. Its wave function associates to each point in space a
probability amplitude. When we apply the Born rule to all these ampli-
tudes, we get a probability density function for the position where the
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electron will be found. The collection of probability amplitudes associ-
ated to a certain moment of time are then related to the set for another
moment of time by the Schridinger equation. We will write this wave
function for the single electron in R?, whose position can be denoted by
x € R3, then as a function of time ¢ € R as follows:

U(x,t).

This function should then have the following properties, when consider-
ing the observations based on the double-slit experiment:

1. The probability distribution for the position of the particle is given
by x +— |U(z,t)|>. This means that the probability that the
particle is located in a subdomain 2 C R? at a certain time ¢ is

U, t)Pdx = [0 (8) 2.
Q

By this definition, we require the normalisation
[ et Pde = [0 0]y = 1.
R3

2. The wave function ¥ should satisfy a wave-like equation, given the
wave-like properties of the particle. (This will be the Schrodinger
equation; see Section 1.2.4.)

Looking back at the double-slit experiment, we can conclude that,
with U denoting the state of a particle after it has passed through the
shield with slit k£ open, the wave function v = 1)1 +1)o describes the state
with both slits opened. The interference pattern then indeed shows that
U2 £ [0 4+ W2,

With this definition of state vectors, we also have to define their state
space, which is the space that should contain all possible states of the
particle at a certain time ¢. In this thesis, we will consider (subsets of)
L? spaces. Note that the normalisation condition just stated can be
imposed when needed.

Of course, most cases we encounter involve more than one particle.
Then, there is still only one wave function describing the quantum state
of the full, many-body quantum system. We will consider systems in-
cluding Ny nuclei and N electrons. In those cases, the wave function
is written as

\If(:l,‘l, . ,SCNel,Xl, .. .,XNnuc,t),
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with z;, € R3 the position of the k" electron, and Xy € R? the position
of the K*" nucleus. This altogether makes ¥ a complex-valued function
of 3(Nyuc + Ne1) + 1 variables.

1.2.4 The time-dependent Schrédinger equation

The wave function should satisfy some wave-like equation which de-
scribes its evolution. For simplicity, we consider here the for the case
of a single electron, so Npyc = 0, Ng = 1. We will write U(t) for the
evolving states at time ¢, suppressing the position variables.

There are some principles this equation should satisfy:

1. The causality principle: The state U(tp) should determine the
states W(t) for all later times ¢ > t;

2. The superposition principle: If W(t) and W'(t) are evolutions of
states at a time ¢, any linear combination aW¥(t) + SV'(t) with
a, 8 € C should also describe the evolution of some state at time
t;

3. The correspondence principle: For “everyday situation”, the quan-
tum-mechanical description should resemble, or at least approxi-
mate the classical-mechanical description with which we are famil-
iar.

What does that mean for the equation? The causality principle tells us
W should satisfy a first-order time evolution equation:

U = AV (1.7)

for some operator A which acts on the state space. The superposition
principle then tells us A should be a linear operator. The correspondence
principle then gives us the way to determine the expression for A. Here,
we employ the analogy, given by the correspondence principle, of wave
optics in the quantum-mechanical description of nature with geometrical
optics in the classical-mechanical description.

The eikonal equation

Opp = |Vl (1.8)

gives the characteristics for how everyday light propagates along straight
lines according to the laws of geometrical optics. Here, we call the real-
valued function ¢(x,t) the eikonal, standing for the image of the wave
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propagation, and ¢ stands for the speed of light. Just like electromagnetic
radiation in general does, we also know that light has to obey Maxwell’s
equations, or more specifically for the electric field in a complex repre-
sentation, in reduced form, the wave equation

Otu = A u. (1.9)

Here, we write the field as the complex-valued u = 6%7 with the real-
valued function a(z,t) as the amplitude, the eikonal ¢(x,t) as the phase,
and A > 0 as the wavelength. Here, we assume that a and ¢ and their
derivatives behave nicely, meaning they are of order O(1) in terms of the
wavelength. The eikonal equation then appears when we pass the high-
frequency limit for microscopic wavelengths, that is, very small wave-
lengths compared to the typical object size, or A | 0.
When differentiating, we obtain

Byu = (Sha + iadyp/N)e X,
Du,u = (Dy;0 + iady, 0/ Ne X
)\262 = [\202a + 2iAdadyp + iMadlp — a(Dyp)?]e X,
Agti = [A2A40 4 2IAV 40 - Voo + idad o — a|Vap|? et
by which it follows from the wave equation (1.9) that
a(0rp)? = a?|Vop* + O(N).

Now, the short-wave approximation A | 0 gives the eikonal equation (1.8)
indeed.

Now, we want to obtain an equation in classical mechanics equivalent
to the eikonal equation. This is the Hamilton—Jacobi equation

a 2 ‘7

Here, the right-hand side contains a classical Hamiltonian function for
a particle of mass m moving along a potential V(x), also which con-
tains the gradient of a classical action S(x,t). Now, we want to obtain
an evolution equation that approximates the Hamilton—Jacobi equation
similarly when moving to a classical-mechanical setting as the wave equa-
tion approximates the eikonal equation. The limit we pass here, instead
of the high-frequency limit A | 0, is the classical limit h | 0, with the pa-
rameter A the reduced Planck constant, which is an atomic unit of action:
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this means it has the dimensions of action, and is very small compared
to a typical classical action for the system we consider. Let us make a
similar ansatz for a solution to (1.7) as we did for the solution to the
wave equation (1.9): that is, we assume ¥ = ae'S/" with h indeed taking
the function of the wavelength A\ before, and as the phase the classical
action S (satisfying the Hamilton—Jacobi equation (1.10)) instead of the
eikonal ¢. Also, we assume that the amplitude a is independent of A.
Then, we obtain
0 = (Qya + iadyS/h)e™,

. is

0z, ¥ = (0z;a + a0y, S/h)e ™,
h2
2m

Av¥ = — L (12Aua 4 2ihV,a - V.S + ihadA,S — a|Va5]2)e |
m

by which it follows, using the Hamilton—Jacobi equation (1.10), that

is
h

A [z’h@ta + a(l\VxS\Q - V)]e
2m

Since

2 ih ,,
ihdya + 5—Dga+ —V,a-V,8 = O(h) 22 0,
2m m

we see that W satisfies the equation

h?
hOyW = —— AU + VT (1.11)
2m

to a leading order with respect to A. This equation is a simple form
of the Schridinger equation, and it approximates the Hamilton—Jacobi
equation in the classical limit indeed. We can write (1.11) in the form
of (1.7) with A = —iH/h, with the operator

h2
H=—A,+V.
2m

We call the linear operator H a Schrédinger operator. Note that V here
is the multiplication operator associated with the potential function V,
given by V : U +— V.

Now, we will consider, instead of a single electron, a more general
case with several electrons and nuclei, say Ng and Ny, with nuclear
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wave optics: geometric optics:
. high-frequency limit . .
wave equation eikonal equation
quantum mechanics: classical mechanics:

classical limit
S

Schrodinger equation Hamilton—Jacobi equation

Table 1.1: Outline of the approximation in the “classical limit” according
to the correspondence principle of the Schrodinger equation starting from
the Hamilton—Jacobi equation, in an analogy to how the wave equation
approximates the eikonal equation.

masses Mg and charges Zx. Note that electrons carry another degree
of freedom, called spin, which is one of two types of angular momentum,
the other being the orbital angular momentum; since we restrict our-
selves to the discussion of spin-unpolarised systems, we will ignore spin
for the remainder of the thesis. Then, (1.11) generalises to

0,0 =HVU, U=z X,1), (1.12)

with the Schrodinger operator

Nnuc Nnuc Nei
Ax ZKkZ1,
H=-1 K 4 1 _aRAL 1 A
21(:1 M +2K§1, [ XK — Xr| 2; "
K4L
Nnuc el
(1.13)
T2 k;1 |$k — 2] KZ:“CZI |$k - XK’
kit

This way, a single partial differential equation, viz. (1.12), fully describes
the behaviour of electrons and nuclei on a quantum level, and the terms
in the Hamiltonian (1.13) correspond to kinetic energies and the elec-
trostatic interaction between charged particles. It is tempting to try
to solve (1.12) to obtain the dynamics of complex systems. If success-
ful, it would offer invaluable insights into many fundamental processes
in nature and device applications, and this way pave the way for many
nature-inspired materials designs. For instance, plants manage to direct
a series of dynamical processes, called photosynthesis, involving electrons
created from the initial absorption of light to the synthesis of adenosine
diphosphate (ADP) and the release of oxygen. What is striking about
this meticulously directed chain of processes, is that nature succeeds to
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do this very efficiently, with the processes taking place within a photo-
complex with a lot of disorder, under nearly all conditions, and across
vast distances (for electrons). In many synthetic materials, e.g., for the
use in solar cells with similar objectives as an initial part of photosyn-
thesis (namely, the absorption of light and so the creation of electrons),
this level of mimicking nature has not been achieved so far.

As desirable as having insight from solutions to (1.12) may be, they
are practically impossible to obtain. In the following, we will focus on
approximate theories for the many-electron problem, leading us to the
system of equations at the focus of this thesis.

1.3 Outline of the remainder of the thesis

In the previous sections, a general introduction to quantum mechanics,
especially to the concepts and notions we will use from that theory,
had been given. This has been done such that the reader now can get
acquainted with the more involved ideas and discussions we put forward
afterwards, and to give some intuition to the notion of usefulness of
the results that are presented later on in this thesis. Given the discussed
material in the previous section 1.2, we are now good to go in formulating
what we would like to achieve in this thesis.

What do we want with all of this knowledge from the previous chap-
ters? In principle, we can calculate quantum properties like the dynamics
now, using the Schrédinger equation for the wave functions. But can we
really do this? And how efficiently can this be done? And what can we
say about the solutions? We can formulate what we would like to know
and achieve, our objectives, in a less vague way and with more detail in
the form of the following questions:

1. We have seen how in a (many-body) quantum system, so involving
both nuclei and electrons, the dynamics is always coupled: the
system dynamics involves both the nuclei and the electrons, and
the quantum state is described by one many-body wave function.

How to model the electronic-nuclear dynamics, which is coupled?
We have seen this can be done by directly solving the Schrodinger
equation, but how to do this efficiently? Can we get to a descrip-
tion, well-balanced between efficiency and accuracy, inside the for-
malism we use for the full, many-body quantum system, via suit-
able approximations and models?
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2. Can we say something useful on the well-posedness solutions to the
equations describing the mentioned approximations within these
formulated models? In other words, are there ways to ensure short-
time existence and uniqueness of these coupled solutions for the
nuclear and electronic configurations on a certain temporal do-
main, in a certain functional setting for the single-particle wave
functions?

3. Are there ways to formulate results on global existence of these
solutions in a certain functional setting as well?

Question 1 will be answered in Chapter 2. The other questions will be
treated in Chapters 4 and 5.

In Chapter 2, it will become apparent that we cannot treat the dynamics
of a full many-body quantum system from a fully quantum-mechanical
perspective. Therefore, the theory behind and methods within the frame-
work of time-dependent density functional theory will be explained. Us-
ing this framework, we are able to separate the electronic and nuclear
part of the coupled dynamics, by which there are two subsystems in the
PDE describing the full quantum system; we then map the Ng-electron
problem describing the electronic part of the quantum dynamics to Ng
single-particle problems for all electrons separately; and then at the same
time we are able to study the nuclear dynamics in a classical-mechanical
way. This results in the system we will study in this thesis.

In Chapter 3, we state the eventual system of equations under con-
sideration, together with some considerations and notes on it: we write
it as a Hamiltonian system with a variational formulation, and prove
conservation in time of the total energy and the charge.

We set a further step in arriving at the desired results by formulating
a certain methodology for the system under consideration. This involves,
inter alia, a rewriting of the system in variational form, studies from per-
spectives on the Hamiltonian structure of the system. In this part, we
set up a formulation using which we are able to investigate conserved
quantities of the system under consideration, for example. These results
will be formulated and used in order to arrive at the desired results later
on in Chapters 4 and 5. The mathematical analysis outlined here is
important, since by this we are able to get to results that qualify the
coupled solutions to the eventual system we formulated in Chapter 2.
Via this way, we are one step closer to performing validation analyses for
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numerical solutions that arrive from simulations carried out by compu-
tational efforts. Why is all that interesting? Validation of the solutions
is quite important, since it tells us something about what we can be
certain about, and what we cannot be certain about. If solutions display
strange behaviour one would not expect, the validation procedures can
help in this.



Chapter 2

Theoretical framework

Photophysical processes, like photon absorption and emission, as well
as dynamical processes, such as charge and energy transfer, result from
the interaction between light and matter. If one looks at it more fun-
damentally, one of the instrumental processes here is the promotion of
a material system (a molecule, a cluster of molecules, or a crystal) from
its ground state to an electronically excited state. This part deals with
an electronic-structure-theory method which allows us to describe such
excited states from first principles: Time-dependent density-functional
theory (TDDFT).

A fundamental aspect of TDDFT is, that it does not treat the many-,
Ngi-electron problem explicitly in terms of many-electron wave functions
as solutions to the Schrodinger equation (1.12): instead, they provide an
effective description built on top of a reference ground state, which on its
own is based on density-functional theory (DFT), the time-independent
version of TDDFT. In TDDFT, we will then arrive at a governing set
of Ng equations, which represent the excitation as coupled transitions
between (in the ground state) occupied and unoccupied single-particle
states.

In this part, we will discuss the theoretical foundations of TDDFT, start-
ing with a brief recapitulation of conventional (time-independent) DFT,
in order to organise the high amount of theoretical aspects and to present
a self-contained story. A way to obtain excited-state information in this
framework happens through the formulation of explicitly time-dependent
equations, called the Kohn—Sham equations. For a sample of the ex-
tensive body of literature on both physical and mathematical aspects

24
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of density-functional theory, its time-dependent version and the Kohn-
Sham equations, the reader is referred to [HK64; Lie83; AC09; PKO3;
CMY12; KS65; Ull12].

Since the nuclei are assumed to be frozen in a certain fixed arrange-
ment in the framework of (DFT and) TDDFT, we need an additional
approach to incorporate the nuclear dynamics after all. The nuclear dy-
namics are important to incorporate in studying dynamical processes,
in particular describing phenomena like electron-transfer reactions. In
the point-nuclei approximation, we consider the nuclear dynamics to be
classical in nature, and we use a so-called mized quantum-classical dy-
namics approach. We will consider the mean-field or Ehrenfest approach.
Combining the above, we will arrive at a system we will study further.

In the remainder of this thesis, we generally use Hartree atomic units
(except for the derivation of the mean-field Ehrenfest method in Sec-
tion 2.3.2, in which we have to perform a classical limit like in Section
1.2.4), which are named after Douglas Hartree. This is a system of
natural units of measurement that is convenient for atomic physics and
computational-chemistry calculations. In this system, we make a choice
of physical units, such that the following four fundamental physical con-
stants become 1 (multiplied by a coherent unit of this system):

e The reduced Planck constant h, the atomic unit of action;
e the elementary charge e, the atomic unit of charge;
e the Bohr radius ag, the atomic unit of length;

e the electron mass: me, the atomic unit of mass.

This way, all charges are in units of the elementary charge, all positions
are in units of the Bohr radius, and all masses are in units of the electron
mass.

Furthermore, in the remainder of this thesis, we consider a quantum sys-
tem that contains a number of Ny, € N nuclei and N € N electrons.
Furthermore, we will use the shorthands X = (X1,..., Xy, ) € R3Nwe
and T = (x1,...,2N,) € R3Ner,

2.1 Density-functional theory

In this section, we briefly recapitulate the basics of density-functional
theory as a method to obtain an effective, single-particle description of
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the electronic ground state of an atomic, molecular or solid many-particle
system of Ny, atoms and N electrons.

With the coordinates Xy of the individual nuclei with masses M
charges Zx and zj, of the individual electrons combined into the variables
X = (X1,...,Xn,.) and T = (21,...,2N,), respectively, the (non-
relativistic) many-body Hamiltonian reads

Nnuc Nnuc Nei
He 15 2%k 1 3 ﬂ_;ZA
-2 My 2 Xk —Xg| 2 o
K=1 K K, L=1, XKk Ll k=1
K#L
7;1uc Vhuc-nuc 7:21
Nnuc el
s 2.2 o 21)
Tp— T Ty — X
M1|1~c €|K1k1|k K|
) —
nuc-el
Vel el

Here, 7 and V are the respective operators for the kinetic and potential
energies involving the nuclear (nuc) and electronic (el) subsystems. The
time evolution of the many-body wave function W(Z, X, t) is obtained by
solving the time-dependent Schrodinger equation with as Schrodinger
operator the Hamiltonian H, [Sch26] which in this case boils down to

00 = HVU, U =U(z X1 (2.2)

This time evolution then can be used to calculate expectation values of
observables described by an operator A as

Yy = // 7 X, ) AU, X, D)dzd X. (2.3)

allows — formally — to extract information about structural, electronic
and optical properties of the system, as well as the dynamic response to
an external perturbation (described by an additional potential term in
(2.1)) as measured, e.g., by spectroscopic techniques.

In practice, however, (2.2) is exactly solvable only for Ny = Ng = 1,
which numbers describe a hydrogen atom. This means that we need
to explore approximations to make the problem tractable. The stan-
dard method of solving a partial differential equation such as (2.2) is
the method of separation of variables: in this method, one makes the
following product function ansatz:

(7, X, t) = 07, X)a(t).
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If the Hamiltonian in (2.1) is not explicitly time-dependent, its expecta-
tion value, the total molecular energy which we denote by (H )y = Enol,
is constant according to (2.3), and the time evolution of the wave func-
tion is given by a(t) = Ce Fmoil, The spatial component ®(Z, X) of
the wave function and the total energy are obtained as solutions of the
stationary Schrédinger equation

H® = Epo®, & =&z, X). (2.4)

Note that in (2.4) both T and X are explicit variables of this eigenvalue
problem. Since the nuclei are much heavier than the electrons, one can
further assume that the electrons adjust instantaneously to the nuclear
motion, i.e., the electrons move adiabatically. To express this situation
in formal terms, we consider a fized arrangement of nuclei X. The Hamil-
tonian representing the electronic system that interacts with the fixed
nuclear configuration reads

Ho(X) = Ta + Vaue-a(X) + Vel-e . 2.5
1(X) 1 1(X) el (2.5)

1-electron operator  2-electron operator

In this situation, X is no longer a variable of the electronic system, but a
fixed parameter for the electronic degrees of freedom. The corresponding
stationary electronic Schréodinger equation is given by

Ha(X)®k(7; X) = Ep(X)®(7; X),  k=1,...,Na, (2.6)

where {®y(Z; X),k = 1,...,Nqg} is a set of adiabatic electronic wave
functions. Those can be used as a basis to expand the molecular wave
function ®(7, X) according to

Nel

(T, X) = Ep(X)Ph(T; X). (2.7)
k=1

Entering this Born—Oppenheimer separated wave function into (2.4) yields

— after some steps [MK11]| — a coupled set of equations for the coefficients
{Ex(X),k=1,...,Nq}:

Nel
EmolEk(X) = [Ek(X) + 7;1uc + Vnuc—nuc]Ek(X) + Z AMEE(X)y <2~8)
/=1
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where the integrals Ayy are matrix elements of the transition between
electronic states k and ¢ induced by the dynamics of the nuclei. In the
adiabatic approximation it is assumed that Ay = 0, i.e., there are no
transitions between different electronic states, and the nuclear motion
for each electronic state k is determined by

EnolZk(X) = [Ex(X) + Taue + Vaue-nue] Z(X). (2.9)
This describes the motion of the nuclei in an effective potential
Vie(X) = Ek(X) + Viuenue(X), (2.10)

with Viuenue the potential function associated with the potential opera-
tor Vnuc-nuc-

2.1.1 Hartree—Fock theory

The electronic Schrédinger equation (2.6) is in practice still not solvable
for many-body systems, due to the presence of the electron-electron in-
teraction Vee. Without it, the electronic Hamiltonian would simply be
the sum of non-interacting single-particle Hamiltonians, i.e.,

Nel
HY = hglay). (2.11)
k=1

As these single-particle operators commute, i.e.,
[hi(zg), he(zp)] = 0, k,0=1,...,Ng,

the corresponding Ngj-electron wave function @2 is simply a product of
single-particle functions

Nel
o)) = [ o8, (z0),
=1

where k; indicates some permutation on the set {1,..., Ng}, and the
total energy is given by

Nel
0 __ § 0
Ek} = Ek}g‘
/=1

However, according to the Pauli principle, the electronic wave functions
must be antisymmetric with respect to particle exchange, and there-
fore must change sign whenever the coordinates of two electrons are
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interchanged. To meet this requirement, the electronic wave function is
constructed from single-particle functions ¢y as a so-called Slater deter-
minant [Sla28|:

B(T) = ;rlldet((gbk(x@)kﬁ 1 Net)
d1(x1) - di(any)
1| ¢2(x1) - d2(wNy)

- Ny : i : (2.12)
el- .

d’Nel.(:Ul) QNG («:ENel)-

The idea of the Hartree—Fock theory is that, instead of starting from
predetermined single-particle functions and enforcing antisymmetry, we
start from the requirement of antisymmetry, and use the variational prin-
ciple to derive a set of equations that determine suitable effective single
particles for the interacting case. The total electronic energy (suppress-
ing the parametric dependence on X) for any given wave function @
reads

E[@] = (Ha)o = [ ®()Had (@i, (2.13)

The variational theorem states that this energy functional is minimal for
the true ground-state wave function: i.e.,

E[®] > Ey,

where Ej is the ground-state energy. Now, let ®HF denote the many-
body wave function in Hartree—Fock theory as a Slater-determinant ansatz.
By a variational principle, the energy as a functional of the determinant
approximates the true ground-state energy Ejy:

Ho)gur g

H@H ||L2 RdNel) N

E[(I)HF]

We now minimise the energy functional above via the effective single-
particle functions ¢, under the constraint that they are normalised;
this is achieved by

k[ (I)HF Zg H¢kHL2R3) 1)}:0.
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This then yields a set of equations which allow us to determine the
functions ¢ = qu]jF, k=1,...,Ng, which we call the Hartree—Fock wave
functions:

(= 30s + Vext + Vi + V)i = el gy (2.14)

Here the multiplication operators Veyt and Vg and the operator Vy are
defined as

¢k = ¢(1‘) — ext¢k = Vext¢k(x) = ext(x>¢k(x)7 (2'15)
Nnuc Z
Véxt(x) = kZ:l ma

O = Or(x) — Vaor = Vuaor(x) == Va(x)or(x),

/|ﬂs—x’|d ! (2.16)
33 .’1: ’ ’
bk = Sk () — Vet = V(2 / o), (1)

|z —

where the electronic densities p and p’ are defined as

N1 Nei
2) =Y loe(@)®, Pl a) =) dulw)dr(a). (2.18)
k=1 k=1

Here, Vi in (2.16) corresponds to the classical Hartree integral [Har28|
of the Coulombic electronic interactions, and Vy in (2.17) defines the
exchange-potential operator.

The Ngj-electron problem has thus been mapped onto a set of effective
single-particle problems with the Hartree—Fock potential operator

VHF - Vext + VH + vx-

Considering the double counting of interactions between electrons k and
{ in gZ)EF and qb?F, the total energy of the ground state is

ZaHF 1(Bu + Ey),

where

/ / / /
/ - d de!, By ::—/p(x’x>p(x’x)dxdx’ (2.19)

|z — a'|
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are the Hartree and the exchange energy.

In summary, the Hartree—Fock theory assumes that the many-electron
wave function ®MF takes the form of a Slater determinant involving
single-particle wave functions gZ)EF . Since the exact wave functions can-
not be expressed as single determinants, the problem with this assump-
tion is that Hartree—Fock methods cannot fully represent the solution of
the exact many-electron Schrodinger equation (2.6), and the correspond-
ing total energy Ei' differs from the true ground-state energy Ey. This
difference is often referred to as correlation energy.

2.1.2 Hohenberg—Kohn theorems

With a solution to the Nj-electron problem in (2.6), potentially from the
Hartree-Fock approximation or some other theory, one can now deter-
mine observables from the wave function of the electronic ground state
alone. However, the electronic Hamiltonian in (2.5) comprises only one-
and two-electron operators: that is, operators that act on either a single
electronic coordinate or two. This raises the question, whether it is nec-
essary to look for a solution in terms of an Ng-electron wave function
after all.
Consider the second-order density matrix, defined as

N,
Paeh i) = (1) x

/@(x’l,xé, oo ZNy)@(21, 22, .. 2N, ) des . day,.

Its diagonal elements

Py(x1,22) 1= Py(x1, 22; 71, T2)
form the two-particle density matriz. A first-order density matriz can be
written in terms of P elements as

P
Ny—1

Py(a;21) := /Pz(:z"l, x93 21, x2)dx2,

whose diagonal element
Py(z1) = Py(z1;21)

is the charge density. Instead of using (2.13) to determine the total
energy from the full 3Ny -dimensional wave function ®, one can obtain
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the same via
E= /(7;1 + Vnuc—el)ﬁl (ml)dxl + // Vel—elﬁZ(m17$2)dxldx2, (220)

which requires only information about a six-dimensional object. It seems
attractive to minimise (2.20) directly by finding optimal density matrices
P; and P», under the constraint that they are constructible from a proper
® that is antisymmetric with respect to exchange of electrons. However,
this has in practice not been achieved reliably. B

Hohenberg and Kohn realised that one does not even need P, to find
the ground-state energy, and that it is instead completely determined by
the charge density p(z) = P;(x) alone. Two theorems relate the ground
state to the electron density:

Theorem 2.1 (The first Hohenberg—Kohn theorem).

The density pg, which minimises the ground-state energy, uniquely de-
termines the external potential Voxy acting on the electronic system. The
ground state ®q is a one-to-one functional of the particle density p.

(Note that in this theorem, external potentials are considered equivalent
if they only differ an additional constant which is independent of space.)

Theorem 2.2 (The second Hohenberg—Kohn theorem). The energy func-
tional

Emz/mmwwm+/wmmwmmwwm (2.21)

obeys a variational principle with respect to the particle density p and is
minimal for the ground-state density pg:

Bo = Elpo] < Elp].

For proofs of these two theorems, the interested reader is referred to
Ref. |[HK64]. The above theorems restrict density-functional theory to
studies of the ground state.

2.1.3 Kohn—Sham theory

From the proofs of the Hohenberg—Kohn theorems, it follows that the
exact ground-state energy E( and density pp can be found by minimising
a universal energy functional E[p] under the constraint that [ p(z)dz =
Ne1, so

ﬂEMLw{/ﬁ@Mx—Nq}:O (2.22)
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for p = pp. The Lagrange multiplier p can physically be interpreted
as a chemical potential. However, the expression of the functional in
(2.21) is unsuitable for this purpose, as terms for the kinetic energy
and the electron-electron interaction are not expressed as functionals of
the density. To work around this problem, Kohn and Sham proposed
two approximations. First, they introduced a fictitious system of N
non-interacting electrons reproducing the exact ground-state density pg,
described by single-electron wave functions ¢ = ¢i(x). They are used
to construct an antisymmetric (with respect to electron exchange) Ngj-
electron wave function as a Slater determinant, like in (2.12). For such
a system, the kinetic energy is

Z / (@) B (@) (2.23)

and the density p simply as in (2.18). (Note that since the density pg
uniquely determines the external potential (see Theorem 2.1), it also
determines all electronic properties of the system, containing the many-
body wave function ¥, rendering them, and 7y with them, functionals
of p.) For the electron-electron interaction, one splits off the classical
Coulomb interaction, which gives the Hartree energy from (2.19), so
that the Kohn—-Sham (KS) energy functional reads

EXS[) = Tufo] + / Ve (@)p(2)de + Bulp] + Buclo.  (2.20)

Here, the exchange-correlation energy functional Ex.|p] combines the dif-
ferences of the true electron-electron interaction energy Fele with all
quantum effects and the classical Hartree energy, as well as errors made
in the kinetic energy expression:

Exc|p] = Eevelp] — Eulp] + Tlp] — Ts[p].

Instead of finding the ground-state energy via variation with respect to
the density as in (2.22), one can now perform a variation of (2.24) to
find a set of equations to determine the orbitals ¢ such that the density
of the form p as in (2.18) minimises E¥S[p]. This yields a set of effective
single-particle equations, known as the Kohn—Sham equations [KS65]

(_%AZ’ + Vext + VH[P] + ch[ ])¢ KS(b (225)



34 2. Theoretical framework

with the effective Kohn—Sham Hamiltonian

HYS = _%Ax + Vks|p)
VKS[/)] ‘= Vext + Vu [P] + Ve [P]

f=f(@) — Viclplf = Vxelpl f(2) := Vaclpl(z) f (),
Vielp] = 0, Exc[p]. (2.26)

Note that f—:}fs formally only indicate Lagrangian multipliers, used to
introduce the normalising constraints that [|¢x|/z2gsy = 1 in the min-
imisation, but are often interpreted as effective single-particle energies.
There is little formal justification to equate them to actual excitations.

Further, there are two points noteworthy about the KS equations
(2.25).

First, the variation of the exchange-correlation energy functional
Exc[p] with respect to the density p defines the exchange-correlation
potential operator Vic|p], which is a multiplication operator with the
potential function Vic[p] in (2.26). As the exact form of Ey.[p] is un-
known, one has to resort to physically motivated approximations with
varying accuracy. A thorough discussion of specific functional choices
is beyond the scope of this work, and we therefore refer the reader to
Refs. |[Burl2; Mal+14]. Instead, we briefly mention three main types of
approximations commonly used among the DFT community. The sim-
plest of these approximations is the local density approzimation (LDA).
The assumption behind this approximation is that the charge density
of the system, which is not homogeneous overall, is locally similar to
the one of the homogeneous electron gas, whose exchange-correlation
energy is known [KS65]. This approximation will be treated more elab-
orately in the following section. An improvement upon the LDA can
be obtained by semi-local Generalised Gradient Approximation (GGA)
functionals [Per86a; Per86b|. These depend not just on the value of the
density at a point (as in the LDA case), but also on its gradient. The
last popular type of approximation is called hybrid functionals [LYP8S;
Bec93]. Hybrid functionals are based on the ansatz that the exact ex-
change energy is situated between the GGA exchange energy functional
and the Hartree—Fock exchange integral. In these, the Hartree—Fock ex-
change integral is mixed with GGA exchange functionals at a constant
ratio.

Second, both the operators Vy[p] and Vic[p], needed to determine
the KS wave functions gZ)}fS, depend on the density p, which is in turn
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determined from the qﬁ?s, requiring a self-consistent procedure to find
the solutions in practice.

2.2 Time-dependent density-functional theory

An important downside of DFT is, that it is not applicable in the
study of time-dependent processes, like chemical reactions, transport
phenomena, etc., and photo-excited states. To this end, we need a time-
dependent version of the theory and its framework in order to study
excitations. A time-dependent formalism has been formulated in the
form of Time-Dependent Density-Functional Theory (TDDFT), which
has been through a lot of development ever since its beginnings in 1984.

We will formulate TDDFT for a time-dependent version of the system
we discussed in Section 2.1, i.e., a spin-unpolarised many-body system of
a finite number of N electrons, where we consider the nuclear positions
X fixed; we will again suppress this parameter as an argument. Nuclear
dynamics will be coupled to this treatment of the electronic dynamics
later, viz. in the next chapter. In such a system, the time-dependent,
full many-body, Ng-electron, wave function W(Z, t) describes the state of
the system. Note that in Section 2.1, the state of the time-independent
system was described by a time-independent wave function ® = &(7),
which satisfies the stationary Schrodinger equation (2.4).

In the time-dependent system, the electrons move in a time-dependent
scalar external field, described by the external potential function Veyt =
Vext(x,t).  Given Vexy and Ngj, these quantities constitute the time-
dependent Hamiltonian operator

H(t) = Ter + Velel + Vext (1), (2.27)
and VU satisfies the time-dependent Schridinger equation
10,V = H(t)¥ (2.28)

similarly to the time-independent version (2.2). Here, as in the stationary
case (2.1), Tq is the kinetic energy operator, and Vep is the electron-
electron interaction, which is assumed to be symmetric and independent
of time and spin, and set to the Coulombic interaction potential. Fur-
thermore, the external potential operator

Nel
Vext () = /P%Xt(:c,t)da? = Z Vext (zk, t) (2.29)
k=1
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denotes the interaction between the electrons and the external field; here,
the density operator

Ncl
f=f@)r—Pf=Pfa)=> dz—z;)f(x),
k=1

with & the Dirac delta distribution on R3. The potential V.y can de-
scribe, for example, rotational and vibrational excitations in molecules,
or the interaction of atoms with external fields, e.g. applied laser fields.
Note it couples the time-dependent potential Vexy = Vext(z,t) to the
time-dependent electron density p = p(x,t), which is defined as

p(x,t) :== Ny / |V (z, x2, ..., :cNel,t)\deg ..dzn,, (2.30)

and we see that U defines p through integration.

The complete characterisation of the time evolution of our system
needs, next to this equation of motion (2.28), the specification of an
initial value. Therefore, we specify a state for a time t = ¢y as U(tg) =
oo

This altogether yields an initial-value problem for our time-dependent
system, which gives the foundation for the framework for TDDFT, as
opposed to the framework for DFT in Section 2.1.

In this section, we will present the basic elements of TDDFT, remi-
niscent of the foundation we gave for the framework of DFT in Section
2.1. We do this in the following order.

In Section 2.2.1, we will state the theorem by Runge and Gross
[RG84|, which is the key ingredient providing the formal foundation of
TDDFT: in this, we will restrict ourselves to the cases for the Hamil-
tonian in (2.27). This theorem and its results can be seen as a time-
dependent version and extension of the first Hohenberg—Kohn theorem
2.1, given in Section 2.1. This extension the Runge—Gross theorem pro-
vides to the time-dependent setting entails, that we can add the follow-
ing, similar properties to the (time-dependent) system: in short, we show
that the density p can be used as the fundamental variable in describing
quantum many-body systems instead of the time-dependent many-body
wave function ¥, and that all properties of the systems are functionals
of p; hence the name.

In Section 2.2.2, we derive the time-dependent Kohn—Sham equa-
tions, which can be considered as time-dependent versions of what has
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been presented in Section 2.1.3. To do this, we will introduce a quantum-
mechanical stationary-action principle and identify such actions in inte-
gral form for a fully interacting system and a system consisting of ef-
fective non-interacting electrons. There, we also discuss some memory
dependence of the exchange-correlation functional, and the approxima-
tion we use to tackle this problem, i.e. the time-dependent version of the
Local Density Approximation.

2.2.1 The Runge—Gross theorem

For the many-body systems we are considering and formulating TDDFT
for, the Runge—Gross (RG) theorem can be formulated and applied. As
stated, in these systems the time-dependent electronic density p = p(x, t)
changes in response to a time-dependent external scalar potential Vo =
Vext(x,t), e.g. a time-varying electric field.

The aim of the theorem is to show that for these systems, where
the electrons move under the influence of Vey¢, there exists a one-to-one
mapping between the external potential and the electronic density p of
the system. Since the density uniquely determines the external poten-
tial, it also determines all electronic properties of the system, containing
the many-body wave function ¥, rendering them functionals of p. This
means that the density p can be used as the fundamental variable in
describing quantum many-body systems, instead of the time-dependent
many-body wave function .

The RG theorem can be considered an analogue of the first Hohenberg—
Kohn (HK) theorem 2.1 for time-dependent systems: both establish a
mapping between the many-particle state and the corresponding density,
and have similar results. Since the reasoning behind the RG theorem dif-
fers much from the one behind the HK theorem (for example, there is no
general minimisation principle in time-dependent quantum mechanics,
by which the proof of the RG theorem is also more involved than the
proof of the HK theorem), it is worthwhile to discuss the RG theorem in
a more detailed way.

Recall the first HK theorem in Section 2.1.2, which is related to
any system consisting of electrons moving under the influence of a time-
independent external potential Voy. Note that from this result, we infer
that i) time-independent external potentials Voyy = Vext(x) and time-
independent densities p = p(x) can be written as unique functionals
of each other, and ii) if two systems with different time-independent
external potentials Voyxy and V,, give rise to the same time-independent
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electronic density p, their difference is a constant: so, Vi = Vext + C.

Similar, time-dependent results follow from the RG theorem: the
time-dependent electronic density p = p(x,t) uniquely determines the
time-dependent external potential Vexy = Vext(z,t), and vice versa, and
if two different time-dependent external potentials Veyt and V7, give
rise to the same time-dependent electronic density p, their difference is
constant in space: V/(r,t) = Vexe(r, t) + C(¢).

Note that the aforementioned constant C'is for both theorems a con-
stant in space: for the HK theorem, it is also a time-independent con-
stant, while for the RG theorem this is generalised to a time-dependent
function C(t), which is constant in space.

Before we move to the RG theorem, it is necessary to study the rela-
tion between the time-dependent potentials Vey¢ and the corresponding
time-dependent states ¥ more. It is important to note that we can iden-
tify a certain equivalence between different potentials Vey if they differ
by purely time-dependent, additive functions 9;£, constant in space, that
are derivatives of scalar and real phase functions £(¢): in other words,

Vi ~ Vext <= 3¢ € C (Lo, t) : Vi (,1) = Ve (2, 1) + 0:£(1).  (2.31)

xt

Note that this equivalence relation between time-dependent external po-
tentials Voxt, Vi, gives rise to a certain phase-transformation invariance,
or a gauge-transformation invariance for more general Hamiltonians (see
for more information [ED11]) in the following way. The phase functions
¢ induce wave functions W', differing only by a phase factor exp(—i&(t))
from W: so, it only changes the phase of the full wave function ¥ to
a phase-transformed state ¥’ by a global time-dependent phase £(t) as
follows:

U/ (t) = exp(—i&(t)) ¥ (t). (2.32)

The additional phase £(t) then is absorbed into the gauge-transformed
external potential V. (z,t) = Vext(z,t) + 0:£(t). We then note that ¥’
satisfies the time-dependent Schrédinger equation

iU = 04 exp(i§)V + 0,V exp(—i&) = (Tl + Velal + Véxt)\I//, (2.33)

with U satisfying (2.28). Now, since the phase ¢ is real and constant in
space, the phase factor has a unit norm and can be taken out of the inte-
gral in (2.30), by which the time-dependent electronic density n(r,t) is
phase-transformation-invariant: that is, with p’ being the density origi-
nating from ¥’ p' = p.
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Note that the constructions above provide a mapping that couples

external potentials VJ, = Vexi + C to identical densities p' = p via
Vext — U — p, VI — ¥ —s p. (2.34)

Without loss of generality, we assume ¥ and W’ to share the initial state
U0 rendering the initial-value problems equivalent. Uniqueness of the
solution to the time-dependent Schrédinger equation gives us the result,
that when ¥ and ¥’ differ by more than just a phase transformation,
they can never be induced by equivalent potentials: so, they must stem
from two non-equivalent external potentials Vexs # V... We arrive at a
similar result, arguing the other way around: that two wave functions
¥ and ¥’ can never be related by just a phase transformation from two
non-equivalent external potentials, even if they share the same initial
condition. The proof for this is given in the original formulation of the
theorem by Runge and Gross, [RG84] and is based on a reductio ad
absurdum. The key idea in the proof is, that if (2.33) holds, it must hold
that V., = Vext + 0:&, by which it must hold that VJ = Vexs + 0i&,
which would contradict the non-equivalence that had been assumed.

The theorem is as follows.

Theorem 2.3 (Runge-Gross, 1984). [RG84] Given an initial condition
on the full wave function U°, the mapping from

Vo= {‘/ext = ‘/ext(l'at)ax € R37t0 <t <ty V;:xt(l'at) =

o (t —to)"
= Z (nlo)af‘/vext(ﬂt,to), and V elxt S /ya e,xt ?é ‘/eXt : ‘/ext 76 ‘/elxt}’

n=0
to
N o= {p: plx,t),z € R tg <t < ty|p(x,t) =

= el/\\ll(x,wg,...,xNel,t)IZdwg...deel,iat\Il—H\II for Vexx € ¥,

|z|—00

p(z,t) 0 fast enough, for all times tg <t < tl}.

is one-to-one on any finite time interval (to,t1), t1 < 0.

Proof. The proof is given in [RG84]. O
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This theorem entails that on the time interval (to,¢1), the density is
a unique functional of the external potential and the initial state, and
vice versa: so,

p=p[Vext: U], Vext = Vet [p, ¥7].

In short, the set ¥ is the space of all Taylor-expandable external poten-
tials around tg, modulo solely time-dependent functions, and the set A4
is the set of density functions p associated with elements Voy € . As we
consider only finite systems here, so N < 0o, we assume that the den-
sity vanishes at infinity at all times, faster than the external potentials
can increase.

Note that this theorem does not induce a “pure” density-functional
method, as it is in general not sufficient to only specify an initial condi-
tion for the density p'; we really need to know the initial state W0.

For a proof of the RG theorem (and so of the existence of TDDFT)
for finite systems and situations in which the Hamiltonian is of the form
(2.27), see [Sch+23]. For an extended proof to more general cases, as
well as more details, remarks and observations, see [ED11].

2.2.2 The time-dependent Kohn—Sham equations

Having established the one-to-one relation between a time-dependent
external potentials and time-dependent densities, the next step to think
of would be trying to find solutions to the time-dependent Schrodinger
equation via a variational principle as we did in the time-independent
case, in order to predict the ground-state density. However, in the time-
dependent case the situation is too complicated for this, because of the
phase factor ¢ in the wave functions (see (2.32)), which is almost impos-
sible to determine. Therefore, we seek for a different approach, involving
action integrals like the quantum-mechanical action

A" / U (z, )[i0, — H(O]0(z, dzdt. (2.35)

Variation of the quantum-mechanical action then gives
OgA = [i0 — H(t)]U(t). (2.36)

The stationary states ¥ such that d3.A = 0 are then the solutions of the
time-dependent Schrodinger equation (2.2). As stated, these solutions
pose a causality problem, due to the phase factor £(t): this factor allows
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for both forward and backward propagation of the wave function in time.
This means that as soon as we have obtained a stationary state ¥ for
(2.36), it is impossible to determine whether ¥ has evolved forwards from
a given initial state ¥(ty), or backwards from a given final state W(¢;).
This is why the stationary condition (2.36) should be supplemented with
a choice for the direction of time. One can find a detailed discussion of
how one can account for this in [Mar06].

One can also employ the relation between the density p and the
wave function U = W[p]. Using this relation, one can also express the
quantum-mechanical action as an action density functional

_ /t / 17, 6)[i0, — Tal¥[p| (@, D)dzdt

Aolp]
/ / (Z, t)VerLa V[p] (T, 1) dazdt/ /p(x,t)%xt(x,t)dxdt
to
el-el [P] Aext [p]
(2.37)
with the corresponding stationary condition
9, A[p] = 0. (2.38)

The functional A is non-local both in space and in time. It depends on
all times between ¢y and ¢; via the density p in (2.38). Therefore, it
contains memory effects: i.e., properties of the system at time ¢t > tg
depend on the way it has evolved from time tg to t.

The stationary-action principle can be used to derive a set of time-
dependent effective single-particle equations in the TDDFT context,
closely resembling the derivation of the Kohn—Sham equations in Sec-
tion 2.1.3.

To do so, let us write an action integral for an effective non-interacting
system, in which the explicit electron-electron interaction is absorbed in
an effective potential Vog = Veg(x,t), analogous to (2.35), under the
assumption that the interacting and effective non-interacting systems
produce the same density at ¢ = #g:

Aatlp] = Aolp] - / 1 / ple Ve, O)dxdt.  (2.30)
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We rewrite Alp], following the same idea as in Section 2.1.3, by split-
ting the true quantum internal electronic interactions into a classical

Hartree part
t1
/ / / GLICEURWAMY
to |'I -

and an exchange-correlation part

./Z(xc [P] = Aelel [)0] — An [p]v

such that N
Alp] = Aolp] — Aext[p] — Anlp] — Axc[p]-

With these definitions, it holds that A[p] = Aeg[p], and one can formally
write the stationary condition as a variation with respect to p. Just as
in the time-independent setting, this is complicated by the occurrence
of the kinetic energy operator Tg in Ag[p]. We resolve this issue by
introducing orthonormal, time-dependent single-particle wave functions
Y = Yr(z,t) producing the exact same time-dependent density of the
fully interacting system, given the same initial starting state. Note that
the Ng-electron wave function W again can be written as a Slater deter-
minant formed by the ¢, k = 1,..., Ng. Under this assumption, the
density of the system can be written as

Nei
p=> |l (2.40)
k=1

In this Kohn—Sham ansatz, one has to account for the difference in the
kinetic energies Ty and Ty, as in (2.23). This way, we define the Kohn—
Sham action as

Axs[p] = Aoxslp] — Aext[p] — Aulp] — Axelp] — (Aoxs(p] — Aolp)),

with

t1
Aoxsp / /ka x,t)(i0; + A 2) U (z, t)dzdt

and we finally collect all unknown expressions in the exchange-correlation
action functional

Axclpl = Aeralp] — Anlp] + Ao kslp] — Aolpl-



2.8. Mixed quantum-classical dynamaics methods 43

If we now perform the variation of Akg[p] with respect to the functions
11, this leads to the stationary condition

O5 - Axslp] = (10 + 30 — Vkslp])vr = 0.

Here, we identify the effective potential Veg in (2.39) with the time-
dependent KS potential function Vikg, which is defined via the time-
dependent KS potential operator

[= f(l',t) — Vksf = (VKSf)(:L‘at) = VKS(:U)f(:E7t)7 (2'41)
VKS [,0} = Vext + VH [P] + Ve [p]a (2'42)

with the Hartree potential

Vialp] (z, t) = / ”;(f ;) da’ (2.43)

and the exchange-correlation potential
Vaelp] = OpAxc[p].

So, we conveniently replace the full many-body wave function of the
interacting system ¥ = W(z,t) by Ng Kohn—Sham single-particle wave
functions v (x,t), satisfying the time-dependent Kohn-Sham (TDKS)
equations, which are of the form

Ok = (—3 Az + Vks[p]) U, (2.44)

and reproducing the exact same electronic density p as in the fully inter-
acting case. The only problem with this formulation is that the Kohn—
Sham potential function Vkg[p] cannot be determined explicitly, due to
the unknown expression for the exchange-correlation term. There ex-
ist many approximations for the exchange-correlation potential: we will
discuss this in Section 3.1.

2.3 Mixed quantum-classical dynamics methods

In this section, we present several ways of how to treat nuclear dynamics
in a coupled way to the electronic dynamics, for which we derived the
time-dependent Kohn—-Sham equations. Remember that in the latter
procedure, we assumed the nuclei to remain frozen in the ground state.
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There are several approaches of how to deal with coupled dynam-
ics. We present the two main methods of the so-called mized quantum-
classical dynamics methods. In these methods, we treat the electrons
quantum-mechanically in the dynamics, like we did, and the nuclei are
treated classically in the dynamics. The two main methods we will dis-
cuss are the surface-hopping approach and the mean-field Ehrenfest ap-
proach. For the former one, we only introduce the idea behind it, in
order to give an impression of the method; for the latter one, we give a
more detailed derivation, since we will choose this method eventually in
order to arrive at our system of interest.

2.3.1 An overview of mixed quantum-classical dynamics
methods

It is simply computationally not feasible to carry out accurate quantum-
mechanical calculations of the dynamics of molecular processes involving
a large (say, O(10)) number of atoms. There are simplifications to be
found in order to tackle this dimensionality problem, in order to arrive
at quantum-mechanical solutions, using reduced dimensionality or time-
scaling; yet, these simplifications are hard to validate, or even simply not
valid.

For a long time, the choice one had to resort to has been molecu-
lar dynamics (MD), which is the numerical integration of the classical-
mechanical equations governing the motions of atoms on a multi-dimen-
sional potential energy surface. |[Tul98b| This method has severe limita-
tions on its own. [AT87] These include practical considerations, like the
need for accurate, multidimensional force fields, but also more fundamen-
tal ones, related to the underlying theory. The two main approximations
conventional MD employs are the Born-Oppenheimer separation of elec-
tronic and nuclear motion under the assumption that electrons adjust
instantaneously to the slower motion of the nuclei, by which the dynam-
ics of the nuclear motion is reduced to a single potential energy surface;
[BO27] and the subsequent classical-mechanical treatment of the nuclear
motion. This then gives rise to a so-called adiabatic representation of
the dynamics. However, for a large portion of applications, like electron
transfer or photo-induced processes, one or both of these approximations
is not valid, as they usually involve more than one potential energy sur-
faces, with transitions between those energy surfaces: in other words,
there is a need for nonadiabatic representations of the (coupled) dynam-
ics. These quantised levels require a quantum-mechanical description



2.8. Mixed quantum-classical dynamaics methods 45

of the nuclear motion as well. In order to address this problem, mized
quantum-classical dynamics methods have been developed. Here, the ob-
jective is to keep a multidimensional classical-mechanical treatment for
most of the atoms, whilst selecting a few crucial degrees of freedom to
be computed quantum-mechanically.

There are a few issues in using mixed quantum-classical dynamics, which
these methods must address correctly. The most important one is self-
consistency. We have to ensure that the quantum-mechanical degrees
of freedom evolve correctly under the influence of the nuclear motion
surrounding them. On the other hand, the classical degrees of freedom
must correctly respond to the quantum transitions as well. This lat-
ter requirement is the most challenging one; there are some standard
approach which describe the dynamics of a quantum system interact-
ing with a classical system correctly, like the Redfield approach [Red65;
JFF92| and the classical path method [Mot31; Nik74|; but these meth-
ods are not able to describe the back reaction of the quantum system on
the classical one correctly. This self-consistent interaction is present in
the methods that are introduced in the following.

The surface-hopping method mostly has been developed in order to
introduce classical-quantum correlation, the lack of which is the main
drawback of the mean-field Ehrenfest method. This entails that a given
trajectory can bifurcate into different branches, each with a particular
quantum state and with the amplitude of the state as weights. On the
other hand, this method is not as transparent as the mean-field Ehrenfest
method, and therefore is prone to misunderstanding: however, it can
be shown that this method can be derived from a multi-configuration
expansion of the Schrodinger equation using similar approximations as
the ones in the mean-field Ehrenfest method. Also, it conserves total
energy. Some drawbacks are that the method is not invariant to the
choice of quantum representations, and the hopping algorithm is not
unique. Further, the accuracy is not as good as the one for the mean-field
Ehrenfest method in many applications, and the computational costs are
generally higher.

The mean-field Ehrenfest method, also called the eikonal method, is
based on a mean-field separation of the classical and the quantum mo-
tion, with a few underlying approximations. It has quite some strong
advantages. The underlying approximations are easy to state, and quite
clear, which renders this method transparent. Whether the quantum pre-
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sentation is adiabatic or non-adiabatic, does not matter to the method:
it is invariant to this choice. Also, it ensures a proper conservation of the
total energy, so the quantum energy plus the classical energy. One of the
drawbacks of this method, like with all mean-field methods, is, that the
correlation between the classical and quantum motion is not described.

The derivation of the mean-field Ehrenfest method is discussed in
the following. Both methods are discussed in more detail in [Tul98a;

Tul98b|, [MBO07, §2.3|, [Ago+13, §V.] and [CB18, §2.1].

2.3.2 The mean-field Ehrenfest method

Note that here in this section, the reduced Planck constant has to be
temporarily reintroduced for the derivation of this method, as it is derived
performing a classical limit.

The mean-field Ehrenfest method can be regarded as the classical limit
of the time-dependent self-consistent field method (TDSCF), or time-
dependent Hartree method. The TDSCF method is also a mean-field
method, meaning it is based on a factorisation of the total wave function
into the product of so-called fast and slow particle parts

U(E, X, 1) = 5T, )X, ) exp [; /0 Eq(t’)dt’]. (2.45)

Here, = denotes the wave function to be associated with the ‘fast’ particle
parts, which are identified with the quantum variables (which will be, in
our case, the electrons with positions 7); and 2 denotes the wave function
to be associated with the ‘slow’ particle parts, which are identified with
the to become classical variables (which will be, in our case, the nuclei
with positions X). The phase factor E, is treated below. Both wave
functions are normalised for all times ¢: that is,

/E(m, t)dz =1, /Q(X,t)dX =1
We write the Hamiltonian operator for the entire quantum system as

p2 e q B2
K

=1
V(T; X) ‘= Vhue-nue + Vnuc—el (I; X) + Vel—el (j)

H =

Note that H,, containing all inter-particle interactions, is the Hamilto-
nian operator of the ‘fast’ system, with the slow particles fixed at the
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positions X. The Hamiltonian operator for the ‘fast’ system then yields
the phase factor in (2.45)

Ey(t) = / / 27, 1) (X, ) Hy(7; X) E(@, 1) Q(X, t)dzd X.

We also define the internal phase factors for the two wave functions =
and € as

E=(t) := ih / =(7,t) O2(T, 0)dT, Eq(t) = ih / Q(X, 1) 9,Q(X, H)dX.

Note that this choice of phase factors reflects the unequal treatment
of ‘fast” and ‘slow’ variables later on. However, phase convention is
equivalent to the standard TDSCF approach. We arrive at the following
effective Schrédinger equations for the ‘fast’ and ‘slow’ variables:

h2
ihOE = — 5 AsE + / Q(X, 1) V(@ X) Q(X, 1)dXE, (2.46)

h2 Nnuc 1
im0 = -3 Lagor / =(7, ) Hy(@ X) 2@, 0)dz0. (247)
2 2 iy

The above equations are at the basis of the mean-field TDSCF method:
the ‘fast’ particles move in the average field of the ‘slow’ particles, and
vice versa. The self-consistent interaction between the ‘fast’ and ‘slow’
degrees of freedom in both directions are therefore incorporated.

Now, the Ehrenfest method is obtained by performing a classical limit
of (2.47). We follow the procedure stipulated by Messiah, in which the
‘slow’-particle wave function €2 in (2.47) is factorised into an amplitude
and a phase term as follows:

1

QX t) = a(X,t) exp[h

sx.0).

The amplitude a and phase S are naturally real-valued. The resulting
equations from substitution are, separating the real and imaginary parts,
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equivalent to the original Schrédinger equation in (2.47):

N,
nuc 1
05+ 1 IVxeSP+ [ (w0 By X B d =
K=1

R 1 Axea

s L (2.48)
2 = Mg «
NI!UC
8tQ+I;W(VXKOéVXKS+%OKAXKS) =0. (249)

Note that the latter equation (2.49) does not contain h. The classical
limit is performed using & | 0, which then gives for the former equation
(2.48) a right-hand side of zero, yielding the Hamilton—Jacobi equation

N,
nuc 1
S +35 M—K|VXK5|2 + /E(x,t) H,(7; X)E(z,t)dT =0, (2.50)
K=1

which is entirely equivalent to the Newton equation, with px = My X g
the classical momentum of particle K,

atpK - _VXK [/E(l’,X,t) HQ(f7X) 3(57 Xat)d§:| (251)

Now, (2.48) and (2.50) together give a description of a fluid of non-
interacting, multidimensional classical particles, so a bunch of indepen-
dent trajectories, all moving in an average potential of the ‘fast’ parti-
cles. Here, (2.48) describes the continuity of flux. The ‘slow’ particles
now move, using a classical-mechanical description, on a potential en-
ergy surface which is given by the expectation value of the ‘fast’particle
Hamiltonian H, which gives the mean-field potential. Now, S is the
classical action

with L the classical Lagrangian, and

. 1
Xg=— S.
K= 3 VX
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The classical action here consists of the interaction of the electrons with
the external, electrostatic potential, and the Coulombic internal nuclear
interactions:

NnuC

S = [ Vel Xl pladde 4§ Y, (252
K,L=1,
L#K

Note that the exchange term does not appear in the interaction between
the ‘fast’ (quantum) particles with the ‘slow’ (classical) ones, as it does
not describe electrostatic interaction, but interactions between the elec-
trons.

Note that (2.51) on its down does not complete define the classical
limit, as (2.46), the equation defining =, still involves Q. As a usual
procedure, Q(X,t) is set to Q(X,t) = §(X — X (¢)) in (2.46), where J is
the Dirac delta distribution in R3Mwe, This gives

ihOE(Z, X, t) = Hy(%, X)E(F, X, t). (2.53)

Now, (2.51) and (2.53) together define the mean-field Ehrenfest method.
Note that = now explicitly depends on X as a variable, since it appears
explicitly in the equation of motion for the quantum particles, i.e. the
electronic variables.



Chapter 3

Specifics of the coupled
electron-nuclear dynamics
under consideration

In this chapter, we discuss the specific choices we make which lead to
the eventual system under study. These include a generalisation of
the exchange part of the local density approximation for the exchange-
correlation potential (so with the correlation part set to zero), discussed
in Section 3.1. Together with the electrostatic potential generated by the
nuclei as a choice for the external potential, this gives us the eventual
class of time-dependent Kohn—Sham equations we will study, discussed
in Section 3.2. These equations, describing the electronic dynamics, are
coupled to the nuclear equations using the mean-field Ehrenfest method.

In Section 3.3, we discuss the variational formulation and the Hamil-
tonian structure of our system, with the total energy as a Hamiltonian.
Also, conservation of the total energy and electronic charge is shown in
this section.

3.1 The local-density approximation

As discussed at the end of Sections 2.1.3 and 2.2.2, the only problem with
the formulation of both the stationary and the time-dependent Kohn—
Sham equations, is that the expression for the exchange-correlation term
is unknown. There exist many approximations for the exchange-correlation
potential.

The most commonly discussed exchange-correlation potential in the

50
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literature for the Kohn—Sham equations in the time-independent setting
is the one using the Local Density Approximation (LDA), introduced
by Kohn & Sham in [KS65|. This approximation splits the exchange-
correlation potential into exchange and correlation terms VEPA[p] =
VIPA] + VEPA[p]. Furthermore, it makes the assumption that the
exchange part of the energy functional can be approximated by the den-
sity of a homogeneous electron gas. [PY89]. This gives for the exchange
potential the simple analytic form

VXLDA[p] _ (3) 1/3pl/3_ (3.1)

™

For the correlation part, only limiting expressions are known exactly for
high and low densities: see e.g. [ED11, §§ 4.3.2, 4.3.3]. Since there are no
general analytic expressions known, this leads to a plethora of numerous
different approximations; one of the density limits above is taken, or an
interpolation between the two (see e.g. [ED11, § 4.3.4]), or the term is
parametrised using e.g. density fitting.

In our time-dependent setting, we use the time-dependent LDA po-
tential: in this potential, we just replace the stationary density in the
LDA exchange-correlation potential VXLDA [p] by the actual, time-dependent
density: see e.g. [ED11, §7.3] This gives

Ve MPR ), 2) = VPR o(t, ).

Due to the absence of a closed form for the correlation potential, and the
fact that one in practice has to resort to numerical presentations, which
are too complex to investigate in the same manner we handle the other
terms (see e.g. [Jerl5; AC09]), in this thesis we simply put the correlation
part to zero, and we only study a generalisation of the exchange term of
the exchange-correlation potential in the (time-dependent) LDA to the
form

Vilpl(t, ) := Ap(t,z)?? (3.2)

as our exchange potential. In this generalised non-linearity in pure-power
form, we introduce the parameters A € R and ¢ > 1. Note that in the
original, time-dependent LDA, the value of ¢ in the exponent is ¢ = 4/3,
and A\ = —(3/m)'/3,
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3.2 The external potential and the system under
consideration

For the external potential, we write the electrostatic potential
NHUC

Vext [ X Z o X —XK\ (3.3)

which is the external potential generated by the nuclei, corresponding to
the Coulombic nucleus-electron interactions. So, X is a parameter here.

Together with our generalisation for the exchange part of the time-
dependent LDA (3.1) as a choice for the exchange-correlation potential,
this eventually results in the class of time-dependent Kohn—Sham equa-
tions we will study, given by

NnuC

i = =5 Apthp — Z| X‘wk+<|1|*0>¢k+)\0q Yk, (34)

Note that the mean-field equations (2.53) in the mean-field Ehrenfest
method as discussed in Section 2.3.2 are fully equivalent to the time-
dependent Kohn—Sham equations for 7z = 1, = acting as the electronic
wave function, which is equivalent to W for parametrised X, and Hy =
H,. In the end, this results in the system

NI)HC

. Z 1 _

i = —3Astp — Z, L ww(,_*p)wkﬂpq Yr,  (3.5a)
N,

Xk = r)dr + Z 3.5b

SRV AEES P DI oES A

with k € {1,...,Nq}, K € {1,..., Nyue}, and A € R, ¢ > 1. This cou-
pled system now indicates a class of time-dependent Kohn—Sham equa-
tions, in our generalisation for the exchange part of the time-dependent
LDA, coupled with Newtonian nuclear dynamics, which describes the
nonadiabatic dynamics of a molecular, spin-unpolarised system.

We regard the time-dependent Kohn—Sham equations (3.5a) as evo-
lution equations in the Hilbert space L? (]R3 ; (CNcl), where the electronic
dynamics is governed by the Kohn-Sham Hamiltonian operator HXS:

iOph = HS[X, plp, H'S[X,p] = =37, + Vks[X, o), (3.6)
VKS[X’ ,0] - Vext [X] + VH[P] + Vx[p]'
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where the Kohn—Sham potential Vkg operator is constituted using the
electrostatic potential (3.3) as the external potential Vey and the ex-
change part of the local density approximation (3.2) as the exchange
potential V. This indeed gives for k =1,..., Ng

NDUC
(H*S[IX, plip)k = —5 Aty — Z - ?X)/ﬁ(, ! ‘ P)%/)k
+ Ap?™ 11/%. (3.7)

The dynamics of the elements X (t) € R3Noue  as described in (3.5b), is
driven by the acceleration A = A! + A? as follows:

X = Alp)(X). (3.8)

Here, the components of A are defined as

AL [p)(x) = 2K / T XK (2)da,

My | |o— Xg|3
N,
ZK nuc XK XL
A%(X): A 3.9
Z L|XK X P (3.9)
L;éK

In Section 2.3.2, we derived that the nuclei move subject to a single
effective potential, corresponding to an average over quantum states:

MKAK[p](X) = _vXKW[p](X)v K =1,..., Nnyc- (310)

Using the electrostatic potential, the potential W is of Hellmann—Feynman
type:

Wipl(X) :== (Vext[XT], p) L2(®3) + Wan(X),

Nnuc

Wan(X) =1 K7L 3.11
K,L=1,
LK

This potential describes the interaction of the electrons with the external
potential, and the Coulombic internal nuclear interactions in Wy,. Note
that the exchange term does not appear in the coupling of (3.5a) with
(3.5b), as it does not describe electrostatic interaction, but interactions
between the electrons.
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3.3 The variational formulation

Note that the equations in our system (3.5) describe a Hamiltonian sys-
tem, and we can write the system in variational form in the following
way.

We define W := H'(R3; CVet) x R6Moue with coordinates (v, (X, P)),
and the Hamiltonian H : WW — R given by

N Nnuc
H(y, X, P) : ;Z'M /\vxw \dx—ZZ /|_XK|x

K=1

N,

~  ZkZy 1// p(z)p(z’) / /\/ q

+3 Z Xn— Xy 2 T dxd$+q [p(x)]9dx,
K,L=1,
LAK

(3.12)

where we remember that p = |2, The induced evolution equation is
then given in variational form for all ¥, X, P by

[, X, Py, X, P] = Re(DH(v, X, P), (¢, X, P)), (3.13)
with the (real-valued) bilinear form

[1/},)‘(,]'3;1;,5(,]5] = —2Im(¢,@z)L2(R3) — P)?—{—]BX
and the duality product (-,-) =y« (-, ).

Remark 3.1. Note that in (3.13), the dots indicate tangent vectors,
which do not need not be actual time derivatives; nevertheless, they will
be time derivatives when we derive the system under consideration from
this evolution equation. We do this in Appendix B.1.

The Hamiltonian (3.12) is actually the total energy E associated with
the system under consideration (3.5). We can write the total energy as

B[X, 9] = B[ X, 9] + W[¢*](X) + Eu[[v"] + Ex[lvP],  (3.14)

where

Nnuc

Ekm[X ¢ 2 Z MK|XK| + 2 Z/|vx¢k 2dx (3'15)
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is the total kinetic energy of the system. The other terms are potential

energies:

is the time-dependent version of the Hartree energy as in (2.19), which in
this setting reduces to the electrostatic self-repulsion of the Kohn—Sham
electron density. Its variational derivative is calculated as follows.

For any ¢ € C° (R3; CNel), we have

TR ) = 3 Bath +10)]
0) + P + 0P|
//dt[ |z — | ]t:odd

= 2Re // [¥( |:z:—3:’] )¢ )dxdwl
_ $rRe / As) M (@) (@) () de

Here, we used that

%(lwm + 1o ()Pl () + to(a)[)
t=0

= [p(x) P [0 (2)o(2') + (') p(@)] + [ (") [ (@) d(x) + ¢ (2)b()]
= A(z,2') + A(2, x),

with A(z,2') = 2Re[|¢(z)| %P (") p(x ')], Where Do = SN Py, and

o = Yol PPy, with the symmetry ff |z x,‘ )dz da’ = I ’?fﬁ') dz da,
and the fact that

P,

|z — |

u(zx) =

as it solves —A u = 47||%, can be written as u = 4w (—A,) |2
Furthermore,

B[0P / () P1de (3.17)

is the exchange energy, of which the variational derivative is calculated
as follows.
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For any ¢ € C° (R3; (CNel), we have
A [d
=2 [ Gliv@ +o@p)]

d
= (19() + t9() )

0Fx
9% =0

) / (1 (@) + t(x)2)

— 2)Re / () POV () e,

dx
t=0

() = LB +19)

dx
t=0

t=0

as
d 2 _g 2 - - 21 112
g +tolf)| =g Wl +t(0e+vo) + 19l
= ¢ +Y¢ = 2Reyo.

The total energy E as well as the electron charge ||¢[|2, are conserved
under the dynamics, as one can expect due to the time and gauge in-
variances of our system. In what follows, we use the notion of self-
adjointness. We define this property as is done in [GS03, Defn. 2.4].

t=0

Definition 3.2 ([GS03]). A linear operator A on L?(R?) is self-adjoint
if

e A is symmetric: i.e., (1[)1,A¢2)L2(R3) = (A¢1’7!}2)L2(R3) for all
V1,2 € LQ(R3), and

e the equations (A 4 4)1 = f have solutions for all f € L?(R3).
With this notion, we can prove the following lemma.
Lemma 3.3. Let T > 0 be arbitrary, and let the pair
¢ € CO[0,T]; H* (R CNer)) n ¢ ([0, T; L* (R?; €M) )
X € C%([0, T); R3Nowe)

be any solution of the system (3.5). Then, the following results hold.
The total energy E[X,v] as well as the electron charge ||w||%2 are con-
served quantities in time on [0,T).

Proof. Conservation of total charge.

On [0,T), for ¢ solving (3.5a),

d
3 (10152) = (ZiH X, plp, )2 + (0, =i HS[X, ple)) 12 = 0,
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since for the given solution (¢, X), the time-dependent operator H¥S[X, p]
is a self-adjoint operator on L? on [0, T); see also Definition 3.2. By this,
the electron charge is conserved in time on [0, 7).

Conservation of total energy.
By density, on [O T)

= /|vx¢ )| d:r) — 9Re(— 1A,0,7) .

Furthermore, on [0, T)
NnuC Nﬂuc

AW e Zi 7
dt dt[ Z/ya: LOLEEDIEDY | Xk — XL}

K=1L=1,L#K

Nnuc Nnuc Nnue  Nnuc Zx 21
:LZVXL’[Z_/Lr— ety ) D XLr]
/=1 K=1 K=1L=1,L#K

Nnuc

XLf—2z/‘$_XK‘ 9(w) - ()] da

NDHC Nnuc Z
:ZMKXK~XK+2Re< Z|¢,¢> ,
K=1 t L2
by the chain rule, and

dEH_1 //
dt th |$*CE’|

// |z — /‘ Re ( ) ( )P( /)+P(J:)Re[w(x')-&(w’)”dmdx’

()

by symmetry. Also,
dEx A d T 1,
= ol [ e = 2Re[Oer ) ] (338)
which is finite for all ¢ > 1 since H?(R?) is embedded into all Lebesgue
spaces L", 2 < r < o0.
Combining the results above, we get on [0, T)

%E[X Y] = 2Re(H™S[X, pli),9)) ;o = —2Re(i[|¢]|72) =0

By this, the total energy is conserved in time on [0, 7). O




Chapter 4

Well-posedness results for
¢ >7/2in H?

In this chapter, we prove short-time existence and uniqueness of solutions
of the initial-value problem associated with the system

Nnuc

iy 1
iy = =5 Dgtp — Z T wk+<| *p)wk+qu L, (4.1a)
N,
nuc XK XL
/ _ 3p z)de + Z Zy, 3] (4.1b)
[ |z X\ itk XK~ X

We do this by combining Yajima’s theory for time-dependent, linear
Hamiltonians with Duhamel’s principle based on suitable Lipschitz esti-
mates for the non-linear part of our Hamiltonian. We identify a range of
exponents ¢ in the pure-power exchange term within the generalisation
of the local density approximation, for which there exist unique solu-
tions on a certain time interval to (4.1) in a function space involving the
Sobolev space H?(R3) as setting for the Kohn-Sham wave functions .
We use the shorthand notation

w = (1/]17 . '7¢Nel) . t > HZ(RS;(CNGI)
The main result of this chapter is the following.

Theorem 4.1. Let ¢ > 7/2 and A € R. Let y° € H2(R3;CN81), V0 e
R3Nwue gnd X0 € R3Nowe e given, with X9 # XV for K # L.

Then there exists T > 0 such that the initial-value problem associated
with the system (4.1) with ¥(t) = ¢¥°, X(0) = X° and X(0) = V° has a

o8
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unique solution (1, X) in the function space
CO([O, T], H2 (R3’ (CNel)) N Cl ([07 7_]’ L2 (R?)’ (CNel)) % 02([0’ 7_]7 R?’Nnuc)'

In Section 4.1, we recall relevant results from evolution-operator the-
ory, especially from Kenji Yajima’s article [Yaj87] on the construction
and properties of a family of evolution operators associated with linear
Hamiltonians.

In Section 4.2, we give a short literature review on previous results by
other authors on similar coupled evolution equations, in particular some
results by Cancés & Le Bris [CB99], such as bounds on the operator
norms of these evolution operators associated with linear Hamiltonians.

In the later sections, we give a proof of Theorem 4.1.

First, in Section 4.3, we state some preliminary results.

In Sections 4.4 we define bounded regions that are designed to seek
solutions of the subsystems (4.1a) and (4.1b) on the time interval [0, 7],
as well as mappings which connect these solutions.

In Section 4.5, in view of a Duhamel-type argument developed in later
sections, we state and prove some Lipschitz estimates on the nonlinear
terms at the right-hand side of (4.1a). The restriction ¢ > 7/2 arises
from these estimates.

Next, we prove in Sections 4.6 and 4.7 that for some 7 > 0 and
q > 7/2, for fixed electronic and nuclear configurations as elements
of the bounded regions, the separate subsystems describing the nuclear
resp. electronic dynamics have unique solutions, and the mappings con-
necting the solutions are is bounded and continuous with respect to the
topologies the bounded regions are employed with. We construct these
solutions as fixed points of certain mappings, and argue using prelimi-
nary results, the Lipschitz estimates and Yajima’s theory on evolution
operators that these fixed points are strong solutions of the subsystems.

After this, we prove in Section 4.8 that for ¢ > 7/2 and some 7 > 0,
the initial-value problem associated to the problem (4.1) has a solution

(¢, X) in
Cl([O7T]; LZ(R3; CNel)) N CO([O, 7); 2 (R?;; CNel)) % CQ([O, T];R?’N’“‘C),

To this end, we construct a concatenation of the mappings defined before,
to which we apply a Schauder-type argument in the spirit of [CB99].
Unlike in [CB99], we equip Buue(7) with a weaker C° topology, which
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takes into account nuclear repulsion. In the same section, we prove
uniqueness of the solution (¢, X'). To this end, we use results on Lorentz
spaces; see also Section A.2. Note that the whole of Appendix A is
dedicated to the notation we systematically use, comprising the norms
on the various functional spaces we use, as H? and Lorentz spaces.

4.1 Evolution-operator theory

In this section, we lay out the connection of the dynamics of our system
to evolution operators, or propagators. Using these operators, we formu-
late statements on existence of solutions of Schrédinger-type equations.

The free propagator is the operator family {Uy(t),t € R} containing
the evolution operators associated to the free particle: this situation is
described by Schrédinger’s equation in the absence of a potential: that
is, V¥ = 0. The free propagator is then written as

Up(t) = e22
Note that it forms a strongly continuous semigroup.

Definition 4.2. A strongly continuous semigroup on a Banach space B
is a map S : Ry — L(B) such that

1. S(0) = Id, which is the identity operator on B;
2. S(t+s)=S(t)S(s) for all t,s > 0;
3. forall fe B, ||S(t)f—fllz—0ast|0.

The last property states that the map defined by .S is continuous in the
strong operator topology.

It is possible to derive how the operators Up(t) act on L?(R?) (or
general dimensions n € N, for that matter) explicitly: using Fourier
transforms on L%(R3),

Uo(t)y) = (it)—3/26"'é'ff[e"‘é‘f uj} <t> - (2m’|t|)_3/2/e“;th?/)(x)dx.

(4.2)

Estimates using the free propagator are widely used in the study of time-
dependent evolution equations like the time-dependent Schrédinger-type
equation. In [Kat70], Tosio Kato proved the following Lemma.



4.1. Evolution-operator theory 61

Lemma 4.3. Let m € [2,00] and m’ = ™+ its dual exponent. Then,

we have the following. For all f € L™ (R3),
Uo(t)f € CO(R\ {0}; L™(R?)),

with
1
[T () fllm (r3y < W”JC”L’"'(R:")'

Proof. This follows directly from applying Young’s convolution inequal-
ity (A.6) to (4.2). O

The above inequality is widely used in the scattering theory for
Schrodinger equations: see e.g. [How74]|. We will use it later as a smooth-
ing property of the free propagator.

In [Yaj87], Yajima investigates the existence, uniqueness and regular-
ity of the solution to the time-dependent Schrédinger equation on R”™,
for general spatial dimensions n € N. We restrict ourselves to n = 3:

i0)(t, ) = —%Axw(t, z) 4+ V(t,z)0(t, ) for (t,x) € Ig x R3,
(s, x) = 9°(z) on R,

with the time domain Ig := [-©, 0], and —O < s < ©. Furthermore, V'
is again assumed to be a real-valued function, and we can consider this
as an evolution equation on the Hilbert space L?(R?):

i0pp = H(t)yy,  H(t) =30 +V(t),  ¢(s) =1  (43)

with V(t) on L?(R3) defined as ¢ = (¢, x) — V(t)y = V (¢, 7)Y (t, x).

Using perturbation techniques and Lebesgue-space estimates for the
free propagator Uy (t) = exp(itA/2), sufficient conditions are sought for
the potential function V' (¢, x), such that

e the time-dependent Schrodinger equation (4.3) generates a unique,
strongly continuous unitary propagator {U(t,s),t,s € Ig} on
L?(R3) (which is a two-parameter group, as both t and s (for the
initial condition) are involved as parameters), and

e for the unique solution (t) = U(t, s)y" to (4.3), it holds that
U(t,s)v” € C°(Ie; H*(R?)) N C' (Io; L*(R?))
for all ¥° € H?(R?).
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The conditions for V' will be sufficient to allow for moving singularities
in V of the type |z|°=3/2, where € > 0.

Another concept in the study of time-dependent evolution equations
is Duhamel’s principle, by which the solution to (4.3) can be given by
the integral equation

t
wlt) = Unlt = 9)0° =i [ Uo(t—eW@)oe)t. (@)
Also, we consider the Bochner spaces
L™P(I) == LP(I; L™(R?)),

for an interval I and coefficients m, p € [1,00). These can be considered
‘composite Lebesgue spaces’, and are equipped with the norm

£l Lmoe (1) :{/1 [/If(t,x)\mdxr/mdt}l/p,

We formulate the following assumption on the potential function V.

Assumption 4.4. There exist p > 1, a > 1, and § > 1, with

0<tc1- 3
« 2p
such that we have
V e LP%(Ig) + L= (Ig). (4.5)

Note that the plus sign indicates the direct sum of two vector spaces:
see also Section A.l1. This means that there exist V; € LP*(lg) and
Vo e Loo’ﬁ(I@) such that V = V; + V5 for almost every t € Ig,z € R3.

We set

for 2 < ¢ < oo (note that 6(2) = oo and 0(c0) = 4/3), and

2p
e — 4.6
= (4.6)

with p as in Assumption 4.4. Note that 6(¢*) = 4p/3.
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Theorem 4.5. Under Assumption 4.4, we have the following results.

1. For all ° € L*(R3), equation (4.4) has a unique solution

¥ € CO(Io, LA(R?)) N LT3 (Ig).

2. Forallt € Ig
19 ()|l 2 msy = WOHLQ(Rg)-
Corollary 4.6. There exists a unique family of unitary operators
{U(t,s),t,s € Io}
on L*(R3) such that
1. U(t,s)U(s,r) =Ul(t,r) for allt,s,r € Ig,
2. U(t,t) =1d for all t € Ig,

3. for all f € L*(R3), the mapping (t,s) — U(t,s)f is continuous
from I3 to L*(R3),

4. for all f € L*(R3), we have that

1U(t, S)fHLqAP/3(I@) < Cq,G)HfHL2(R3)

5. (t) = Ul(t,s)y° solves (4.4) for all 9° € L?>(R3).

Note these unitary operators also define a strongly continuous semi-
group; see Definition 3.2.

For the case that p > 2, Assumption 4.4 implies that the operators
H(t), t € Io, are self-adjoint on L?(R3), with domain H?(R?) and C§° as
its core (cf. [RS75, Thm. X.29 ff.]). Then, the solution (t) = U(t, s)y)"
solves (4.3) in H~2(R?) almost everywhere.

We formulate a condition on V' such that we are able to establish a
result of similar nature in the space H?(R3).

Assumption 4.7. We assume that
Ve Lm’ﬁ(I@) + L*>>(lg), O,V € LPr1(Ig) + L=P(Ig).

Here, p := max{p,2}, p1 = 1%’ and aq > 4;1—33. In these parameters,
Further, here 8 and p are taken as in Assumption 4.4.
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Note that Assumption 4.7 implies Assumption 4.4.

Theorem 4.8. Under Assumption 4.7, the strongly continuous, unitary
propagator {U(t,s),t,s € Ig} satisfies the properties (1)-(5). Further-
more, it satisfies the following additional properties:

6. U(t,s) € E(HQ(Rg)) forallt,s € Ig,

7. For all f € H*(R3), the mapping (t,s) — U(t,s)f is continuous
on I3 with values in H*(R3),

8. For all f € H*(R3), we have that the mapping (t,s) — Ul(t,s)f
is an element of C! (I%; LZ(R?’)), and the following equations hold
in L*(R3):

i0U(t,s)f = H(t)U(t,s)f,
i0sU(t,s)f = —U(t,s)H(s)f.

9. For all y° € H*(R3) and s € Ig,

8 U (t,5)0° € C%(Ig; L2(R?)) N LT */3(Ig).

Moreover, a family {U(t,s),t,s € Ie} satisfying properties (1)-(3) and
(6)-(8) is unique.

Here, £L(B, B’) denotes the space of all linear operators A : B — B’
for Banach spaces B, B'. We write L(B, B) = L(B). See also A.1.

The proofs for all results in this section can be found in [Yaj87].
However, we will later on use some ideas of this proof, which we outline
here.

For a time-independent Schrédinger operator H, we use that it is
self-adjoint, and Stone’s theorem on strongly continuous one-parameter
unitary semigroups (see e.g. [Hall3, Theorem 10.15| gives the unitary
group of operators

Ul(t,s) = e 4 s e T,

which satisfies properties (1-3) and (5-8), under Assumption 4.7.
However, if we consider general time-dependent Schrédinger opera-
tors H(t), existence theorems as [Kat73, Theorem 1| cannot easily be
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applied, as the conditions on the potential V' (¢,x) are too rigorous, by
which even general Coulomb potentials of the form V(z) ~ |z|~! would
be excluded. Thus, we have to refine Kato’s theory to include at least the
natural, basic potentials we encounter everywhere. To this end, we will
use the smoothing property of the free propagator Uy, together with a
consequence of Kato’s inequality as given in Lemma 4.3. This inequality
has been used before to prove the existence of the unitary propagator
for the time-dependent Schrodinger equation with a singular potential
V(t,x) in a different setting: see [How74|. In a broader sense of the
study on non-linear Schrédinger equation, it has proven to be of vital
use: see e.g. [Kat87].

For the results, we use the integral operators involving the free prop-
agator

) = / Uo(t — )o(@)dr,  (Qu)(t) = (SV)(t),

and the Banach spaces over I, xR for £ € [2, 0o] such that 6(¢) € (2, o0l

where ¢ = /£, 0(¢) = 9&()?1 indicate dual exponents:

200(I,) N LY (1),

21 (I,) + L0 (1),

= {¢ € L (I; H*(R®)) |y € 2°(a,0)},
= {@DELz"X’ a WG% (a,ﬁ)},

equipped with the norms
191l 2 (a0 = 1¥l 200 (1) + ¥l Lo 1,y
191l 2+ (a,0) = 191l 21 ()4 L2000 (1,5
[l @0 = 11 e (12 m0y) + 1900y
]l a0y = 19l L2001,y + ||¢H%*(a7g)‘

See for further results on these operators and Banach spaces [Yaj87].
Using Lemma 4.3, we then have the following inequalities:

Vfe L*(R?): 1U0() fll 2 (a0) Soey 11l 22wy (4.7)
V€ 27 (a,l) : 1SV 2 a0y Soce) 191l 27+ (a,0)5 (4.8)
Vi € @ (a, () : 15V (a,0) S (1 + a)[Yll 2+ (a,0)- (4.9)
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Here, A <, B means that A < C,B for some constant 0 < C,, < oo
depending on «; see also Section A.1.
For the multiplication with the potential V (¢,z), we need the following
results. We define the Banach spaces

M = LP(I,) + LP (L), M = LP>®(1,) + L®(1I,,),
N = LPYOY(LL) + L%F(1,),

for which we the following inequalities hold:

1. Under Assumption 4.4, we have, with
v = min{l—%,l—%—é},
IVl 2 aq) < Qo) IV ILa 19l 2 (ayq) (4.10)
for a < 1/2,
2. Under Assumption 4.7, we have that

e V maps % (a,¢*) into #*(a, q*) continuously, and

e for all € > 0, there is a constant C: > 0 such that for all
a<1/2

IVlo e < [EIVIZ+ @) (V]I o @)
+ C||VI| Al 2o 1)

for all ¥ € % (a, q*). Here, k = min{ﬁ - 14}

We will later adapt the above results to our setting.

4.2 A brief literature review on similar coupled
evolution problems

There exists an extensive body of literature on the mathematical and
physical aspects of the type of models and systems we are studying, both
in a time-dependent and a time-independent setting. The reader is re-
ferred to |Lie83; PZ81; PK03; BLO05; Ull12| and the references therein, for
various perspectives on models describing the dynamics of diverse molec-
ular systems and the accompanying systems of (evolution) equations. In
particular, given the difficulties the exchange-correlation potential poses,
we highlight the articles [Jerl5; AC09] and the references therein for a
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treatment of a non-zero correlation potential in both a time-independent
and a (specific) time-dependent settings.

In this section, we will shortly review contributions of other authors
which we believe are the closest to our work.

Cances & Le Bris [CB99] prove global-in-time existence and uniqueness
of solutions

Pt € C([0, +o0); H (R C1)) M CH([0, +00); L* (R C)),
X € C*([0, 400); R¥me)
to a model which couples similar electronic evolution equations (viz. the
time-dependent Hartree—Fock equations) with classical nuclear dynamics

for the nuclei, consistent with the mean-field Ehrenfest approach. This
system is given by

N = HIFLX T, (411)
X = Alpl(x), (4.11D)
PHF(0) =90 X(0) = XMF0, - X(0) = VIO, (4.11c)
Nel
where pHF = Z i 2. Furthermore, the Hartree-Fock Hamiltonian is
k=1
given by
X, 9] = =380 4 Ve[ X+ Vulp™ ] + V] (412)
where
Nei
e e e T D (R S L (4.13)
=1

is the Hartree—Fock exchange potential. Here, d}}c{F,k =1,...,Ng, are
single-particle wave functions as well.

In the article, the result of global-in-time existence and uniqueness of
solutions of (4.11) in the setting of H? for 1!'F is based on the celebrated
result by Yajima (see [Yaj87| and Section 4.1) on the existence of propa-
gators associated with the linear part of the time-dependent Hamiltonian
HYY which is the same as the linear part of our time-dependent Hamil-
tonian H¥S. The result is the following Lemma, which is formulated
only for the case Noj = Ny = 1 [CB99, Lemma 4]:
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Lemma 4.9 (Canceés & Le Bris). Let © > 0 be the endpoint of a time
interval [0,0]. Furthermore, let X € CL([0,0];R3) and the family of
Hamiltonians {HHF’H“(t),t € o, 6]} be defined as

HEI () = LA, + Ve [X (1))
There exists a unique family of evolution operators
{U(t,s),t,s € [0,0]}, (4.14)
such that
1. U(t,s)U(s,r) =Ul(t,r) for allt,s,r € [0,0].
2. U(t,s) is a unitary operator on L? for all t,s € [0,0)]:
1UE, 8)l L2 = (9]l 2 (4.15)

3. Forall f € L?, ((t,s) — U(t,s)f) : [0,0]> — L? is a continuous
mapping.

4. U(t,s) € L(H?) for all (t,s) € [0,0]%

5. For all f € H?, ((t,s) — Ul(t,s)f) : [0,0]> — H? is a continu-

ous mapping.

6. For all f € H?, the mapping ((t,s) — U(t,s)f) € C*([0, 0% L?),
and the following equations hold in L?:

iaat(U(t, s)f) = HAP U (¢, 5) f, (4.16)
z’%(U(t, s)f) = =U(t, s)HIn () f (4.17)

7. For all v > 0, there is a constant Beg  of the form

Bo, =A% A, > 1, (4.18)

such that if
HXHCO([Q@]) <7 (4.19)
we have for all t,s € [0, 0]

1T (¢, $)llz(m2) < Be - (4.20)
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Proof. The proof is given in detail in [CB99]|, where for the most prop-
erties, as the properties defining a strongly continuous semigroup, it is
referred to [Yaj87]. Since we extend this result later in Section 4.3, we
list the ideas that we will employ later on as well.

First, X is extended to a C' function on Ig, such that HXHLOO(I@) =
HXHLOO(O’@). Furthermore, it is noted that V(t,x) = Vext[X (¢)](x) sat-
isfies Assumption 4.7 for p € [2,3) and oy = 8 = oo. Now, following
the proof of Theorem 4.8, we obtain (as Ng = Nyyc = 1) by translation
invariance and the chain rule
HVH/ZZ: HZ‘ ’ 10V ][y < HXHLOO ‘Z‘ ’ ’_ZHLPH-LOO'

’_1HLP+L°°’ (Ia)‘

Now, since HXHLOO(IQ) < HXHLOO(]@) < 7, one can find for € > 0 small

enough a constant 0 < by < 1/2 such that there exists a constant C,
(both independent of HF:0) satisfying

1™ N oo 0,282y < N Ml 04 < CﬂWHF’OHHz(Rs)-

As a consequence, for t € [0,b,], [|U(t,0)||z(g2rs)) < Cy, and therefore
by property (1) from the Lemma statement

U (,0) || qmemsyy < O3 =2 B, forallt e [0,6].

The same result follows for U(t, s),t, s € [0, O]. O

We will revisit this Lemma later in order to really adapt it to our
setting, in Lemma 4.12.

The remainder of the proof of global-in-time existence and uniqueness
of solutions in [CB99| consists of two main steps: a Schauder fixed-point
argument to show existence of short-time solutions, based on Lipschitz
estimates of the non-linear part of HH HF in A2 and a Gronwall-type
argument which relies on conservation in time of the total energy and
electron charge, and estimates of the solutions ¥H¥ in the H? norm.

Since the paper by Cancés & Le Bris [CB99] we discussed above,
only a handful of contributions deal with a similar coupling of a system
describing electronic evolution with nuclear dynamics: this is the case,
for instance, for |Bau05|. Here, for a Hartree-Fock equation coupled
with Newtonian nuclear dynamics, existence and regularity questions
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in different function spaces have been studied. Other researchers have
also studied Schrodinger—Poisson type equations, which include the
Hartree-Fock and the time-dependent Kohn-Sham equations: see
for instance [Mau0l; Cat+13; BLS03; Zag92; CGT75; Cas97; ACO09;
Jerls; BDF76; BDFET74]. We also mention [SCB19|, where existence,
uniqueness, and regularity questions are investigated for time-dependent
Kohn-Sham equations set on bounded space domains, in relation to
control problems. However, none of the contributions listed above have
considered the combined nuclear and electronic dynamics as described
in our system combined.

4.3 Preliminary results

The first observation in this section is that the Newton potential

Glo1, da] == (d1 d2) x| |7, (4.21)
solution to —A,G = 471 ¢, defines a mapping: H? x H? —s W2,
Lemma 4.10. For all i,k € {1,2,3} and every x € R3 it holds that

|Gl¢1, @2l(2)] < |01l L2V a2l 2, (4.22)
10:G[91, 2] ()] S IVadr 2| Vaal 2, (4.23)
10 Glo1, G2](@)| < N P1ll 2l 2l 12 (4.24)

Here, A < B means that A < CB for some constant 0 < C' < oo; see
also Section A.1.

Proof. Using Hardy’s inequality (A.4) and the properties

0;Glo1, d2] = (d102) * (ws|x| %),
9;;Glo1, d2] = [(0id1) b2 + 61(0;02)] * (wi|z| ),

for all 7,7 and = € R3, we derive

|Gl1, @2)(@)] = [ (D1, - —2| 7 b2) 1| S D1l L2 Vad2l L2,
10:Glp1, d2) ()] < (|- ="Ml |- =27 e2l) o S IVadillz | Vool 2,
10Gl61, $al(2)] < (I —2[7M10ign .| - =27 [2) 1z

+ (1 ="Ml |- —2|7H050l) 1
S IVe0ignll 2l Vadal L2+ Vadill 12V edidall Lz S ol a2l g2l a2
This concludes the proof. O
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We now generalise [CB99, Lemma 3|, on bounds for the following
functions.

We define fEf : R3Nme — C3 (a.e.) as

W= Ve (Vn, Vext [X]00) 12, (4.25)
namely,
Koy — Xk
KO0 =2 (e ) 1 (4.26)

Note that f}‘f effectively only depends on Xg. Also,
1 Nel
kk
i kz_l frE (4.27)

Lemma 4.11. For all functions vy, € H?, the following estimates
hold. For all 1y, 1, € HY,

H H oo (R3Nnuc:C3 S HvzwkHL2HV:ﬂWHL2 (4'28)
L>(R ;C3)
and for all 1y, by € H?,
H‘DfIk(ZHLOO(RSNnuC;C3X3) S H@Z)kHHQHdJE”H? (4'29)

Here, D is the gradient in R3Nmwe  In addition, we have that flk(e €
wheen ot for all K.

Proof. By Lemma 4.10, G[¢1, o] € W™ for all ¢1, ¢y € H?. Using

(X)) = —ZkVaGltr, b (Xk), (4.30)
we get
FF N poo romme ey S I Vatokll 22l Vatbel 2, (4.31)
D K||L°°(R3Nnuc;(c3><3) SXmaX | DGk, el (X&) || o
S Nkl a2 l|e| a2 (4.32)

This shows that fff € W By Sobolev embedding in Hélder spaces,
Ypthy € C’loo’g. Using (4.21) from Lemma 4.10 and standard elliptic regu-
larity, it holds that G[v, 1] € C2, by which f&f € CL. O
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Now, the following results we derived for the existence of the
propagator for the linear parts of the Kohn—Sham-type Hamiltonians
HXS[X(t),p] for t € [0,0], with 0 < © < oo, for a given nuclear
configuration X € C([0,0]).

For given X € C1([0,0;R3Vme) for some 0 < © < oo,
we consider the family of linear time-dependent Hamiltonians

(HISIn1) 1 € (0,01 © (B2 (RS CN):L2(R% ), with
HKS,lin(t) — _%Az +V (1), (4.33)

with V() := Vex[X(¢)]. Note that the Hamiltonians HXS1n(¢) corre-
spond to the linear part of HXS[X(t), p], and that they are self-adjoint
on L? (Rg; CcN 91). We also note that they depend on the time evolution of
the nuclear configuration X. Associated with this family of Hamiltonians
are the corresponding Cauchy problems

i = HSI @)y ah(s) = o7, (4.34)

on the time interval [0, 0], for some s € [0,0]. For s = 0, this can be
considered the linear part of the Cauchy problem associated to (4.1a)
with 1/(0) = 1/°. We also consider the equivalent integral equation

Y(t) = Up(t — ) — z/ Us(t — o)V (o) (o)do. (4.35)

Now, we formulate the following Lemma in the spirit of [CB99, Lemma
4], based on the idea of [Yaj87, Cor. 1.2. (1)-(2)—(4), Thm. 1.1. (2) &
Thm. 1.3. (5)—(6)].

Lemma 4.12. For the family of Hamiltonians {HKS’h“(t),t € [0, @]},
there exists a unique family of linear evolution operators

U(t,s): L*(R* CN) — L*(R%CN),  t,s€[0,0],  (4.36)

such that

b(t) = U(t,s)¢" (4.37)
solves (4.35) on [0,0] for all ¥° € H?, with

()22 = |[¢° 2 (4.38)

for allt € [0,0]. Moreover, this family enjoys the following properties:
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1. U(t,s)U(s,r) =Ul(t,r) for allt,s,r € [0,0].
2. U(t,t) =1d for all t € [0, 0)].
3. Ul(t,s) is a unitary operator on L? for all t,s € [0,0)]:

1U(t, 8)¢ll Lz = NIl 2. (4.39)

4. Forall¢ € L%, ((t,s) — U(t,s)¢) : [0,0]> — L? is a continuous
mapping.
5. U(t,s) € L(H?) for all (t,s) € [0,0]?.

6. For all $ € H?, ((t,s) — Ul(t,s)¢) : [0,0]> — H? is a continu-

ous mapping.

7. For all ¢ € H?, the mapping (t,s) — U(t,s)¢ is an element in
Cl([O, 0] L2), and the following equations hold in L?:

gt(U(t s)g) = HESI (DU (¢, 5)9, (4.40)
865( Ul(t,s)p) = —U(t, s) HES (5) . (4.41)

8. For all v > 0, there is a constant Be ~ of the form
Bo, =A% A, C, > 1, (4.42)
such that if
HXHCO([O,@]) <7 (4.43)
we have for all t,s € [0, 0]

HU(tS)HE(Hg) < Beg 5. (4.44)

Proof. The proof is an adaptation of the proofs of Theorem 4.8 and
Lemma 4.9. In that regard, the proof is given in detail in [CB99|, where
for the most properties, as the properties defining a strongly continuous
semigroup, it is referred to [Yaj87].

Since the linear Hamiltonians H¥5!"(#) do not depend on an electronic



74 4. Well-posedness results for ¢ > T7/2 in H?

configuration 1, and act on every element v, independently, the result
for general N, readily follows from the case N = 1. Properties (1)—(7)
have been proven for the case N = 1 in [Yaj87, Cor. 1.2. (1)-(2)—(4),
Thm. 1.1. (2) & Thm. 1.3. (5)—(6)]: see the proof of Theorem 4.8.
Property (viii) has been proven for the case Ng = Nyye = 1 in [CB99,
Lemma 4], which on its own follows the results in [Yaj87]: see the proof
of Lemma 4.9. We therefore justify (viii) for the case Ng = 1, Npye > 1,
which only needs some additional changes. For all a € [0,0], we get,
with p € [2,3) and p; = 2p(p + 1)7!, the following norms for V and its
time derivative V:

Wi = it {Villomadan + Vel =(ade) } (145)
V=Vi+Vs a.e.

Vestlly =, inf (Wl (o) + Vel oo aaz) -

V=W1 +Ws a.e.

Note that (4.45) is a bounded quantity, independent of X. Using the
chain rule,

Wiy <y sup {lwllze + lwe ]z}

V x Vext [X]=w1+w2 a.e.

Now, we conclude the proof as carried out in the proof of Lemma 4.9. [

4.4 Definition of the feasible regions
Fix some arbitrary time 0 < T" < oo, and let 7 < T'. Set

vi= |V +1, (4.46)
where the addition “41” is needed to cover the case where V? = 0.

Using this quantity v and setting © = 7 in Lemma 4.12, we construct
the quantities B; . We define the radius

a(r) = 2B, |4 ;12 (4.47)

for the ball centred around the initial configuration ¥° € H?:

Ba(u?) = {v € B2~ 09|z < o). (4.48)
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We define the electronic feasible region for the time interval [0, 7] as

Ba(r) := {4y € C' ([0, 7]; L*(R*; CN1)) N C°([0, 7]; Ba (¢"))
| ¥(0) = ¢°}, (4.49)

equipped with the C%([0,7]; L?) norm, which is designed to contain
short-time solutions ¢ to (4.107) on the time interval [0, 7], which we
call feasible electronic configurations.

For all 0 < & < mingp, ‘X% — Xg}, we set

minK7gL ‘X?{ - Xg‘ - min{érep(7)7 5}

é(r) = > 0, (4.50)

where

N“LIC 0 2 NnUC ZKZL -
6rep(7_) = ZMK‘VK‘ + Z m €

K=1 K,L=1,
L#AK

nuC

-1
16 Z S 1)} (451)

arises from a repulsion argument. Note that € > 0 ensures the strict
positivity of §(7), which defines the radius for the ball centred around
the initial configuration X0 € R3Nwe with X9 2 X9 for K # L:

Bs(X") = {X € R3Nme

X - X <6} (4.52)

Then, by the triangle inequality, for all X € Bs (XO) and K # L, it
holds that

‘XK—XL’ 2 min ‘X?{/ _Xg/

—2|X — X

> min
K'#£L/

XK/ - XL/

—26(7) = min{dyep(7), €} > 0. (4.53)
We define the nuclear feasible region for the time interval [0, 7] as
By (T) := {X c Cl([O,T];B§ ) ‘X XO,X(O) =V,

HXHCO([O,T];]R3NDUC> ’Y} (454)
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with v as in (4.46). This region is equipped with the C([0, 7]; R3Noue)
topology, and is designed to contain short-time solutions X to the initial-
value problem associated to (4.1b) on the interval [0, 7], which we call
feasible nuclear configurations.

This definition of §(7) is suggested by an a priori lower bound on the
nuclear distances | X (t) — X1.(t)|, K # L, which is based on Gronwall’s
Lemma.

Lemma 4.13. Fiz1) € CO([O,T];HI), and X0 € R3Nowe sych that X9 #
K. Let X solve (4.1b), and X (0) = X". Then, we get for all t € [0, 7]
and K # L

| XK (t) — XL(t)| > Orep(T). (4.55)

for the nuclear trajectories.

Proof. Writing the momenta Pg := Mg X, we define the classical re-
duced Hamiltonian

Nnuc |P |2
Hon(X, P) =5 AZ{ + Win(X) (4.56)
K=1

with Wy, as in (3.11): note that H,, consists of the terms in the total
energy (3.14) which only contain nuclear (so, classical) contributions:

the nuclear kinetic energy and the nuclear repulsion term.
Fix ¢ € C°([0,7]; H'). Now,

Nnuc
%[HHH(X, P) = [VxyHu(X,P) Xk + Vp, Hun(X, P) - Pr]
K=1
e p )
=2 e (T Wan (0] + Mic X
o Nnu
Z Ml (Vxy Ve [X], p) 2 (4.57)
Nnuc 1
< D oanc PP + 1V Vet [X], ) 12/7] (4.58)

K_
Nnuc Z2
< Hon(X, P)+8) M—f{|yw|y200([oﬁwl), (4.59)
K=1
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by which, using Grénwall’s inequality (A.15), on [0, 7]

Hon (X, P) <

N, N, N,
nuc nuc ZKZL nuc Z

1o ‘K

< 3¢ [ZMK’VK’ + ) |X07X0\+162 191120 ((0.77.21)
K=1 K,L=1, L

L#K
Nnuc Z
-8 Z e ||7/1||co ([0,7];H)" (4.60)

In (4.57), we use that (Vext[X],p)r2 is bounded using the Cauchy—
Schwarz inequality together with the fact that Ve [X] € L? + L™ for
all X € R3Nwue and that p € L' N L? since ¢ € H?. In (4.58), we
use Young’s inequality for products (A.14), and in (4.59), we use that
Win = 0 and that for all K =1,..., Nyuc

|(Vixg Vet [ X, p) 2| =

LE—XK
‘( K\x P)

Nel
<Ziy o= Xl ull,.  (461)
k=1

_ XKP,
Nel
<27k Y IVatillze < 2V2Zk|[Vatd |12 < 2V2Zk |0
k=1

by Hardy’s inequality (A.4). Using the Gronwall bound (4.60) for Hyy,
we derive a lower bound for the inter-nuclear distances. As H,, only
contains positive terms and Zx € N for all K, we have for all K # L

1 1 < 1
2 Xk —X1| T ZkZyL

Win(X) < Wan(X) < Hon(X, P).

Combining this with (4.60), the result follows. O

Remark 4.14. A similar argument yields an a priori estimate of the
nuclear velocity X.

4.5 Lipschitz estimates

In the following Lemmas, we obtain Lipschitz estimates on the mapping

Y — Vux|[plt := Vulp] + Vxlp)) ¥ (4.62)
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Lemma 4.15 (Lipschitz estimates on the Hartree term). For all 1,1’ €
H', with p == [¢'|?, we have

Valely = Valp'l¢'llr2 S v/ Nelltp — 9'l| 12

k=1

N Nei
[Z(va¢k”L2 Vet ) |2 + D el 2 Vatbell 2 |- (4.63)
(=1
Additionally, for all v, v’ € H? we have

Ne
Valplvllmz S VNa Y [ekl7n 1]l (4.64)
k=1

and

Vulpl — Vi [p']¢ |52 S

N
SVNall =2 Y [kl + 198018 12 + l1kll7n] - (4.65)
k=1

Proof. Proof of (4.63).
By adding and subtracting the term (|yg|?*|-| 1) ¢y, forallk = 1,..., Ng

|(Vulpld — Valp' ] el 2 <

Nel
< Sl s 1 170 (0 = i) g+ (el = 1) 1 7)o |
(=1 e
=:(I) =:(IT)

Using the Cauchy—Schwarz inequality in (4.66,4.68), Hardy’s inequality
(A.4)in (4.67,4.69), and the reverse triangle inequality in (4.69), we have

(D) < |llel? 5 | 174 oo ok — Wl 2

< ess%}lgp{\(llbz!, |- =T pel) o [ F 10— |2

< esssup{ ol |- | ol 2 Hlo 0l (466)
z€R3

S el 2 IVatbell 219 — ¥l 2, (4.67)
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and

(I0) < [ (el = [el) 5 - 17 o 10 N 2

< esssup{ (el = 1041, |- =l (el + 1041 o Y10/

< esssup{[ el = [l (11 =1~ vell o+ 11 =21~ 0411 2) H 22
(4.68)

S (IVatellzz + [Vatbpll ) 19| 2 v — il 2 (4.69)
S (IVatbellzz + [IVatbrll ) 19 2 ¥ — &'l 2.

By this, estimate (4.63) follows.

Proof of (4.64).
Adopting the map G from (4.21), we have

Nei
Vulplt) = > Glabr, ule). (4.70)

k=1

We obtain for all ¢1, g9, p3 € H?, using the product rule for the Lapla-
cian,

Ay (Glg1, p2)¢3) = Glo1, p2) Auds + 2V 4 (G[g1, ¢a]) - Vauds — dmd1dags.

We have the following estimates, using (4.22,4.23) from Lemma 4.10:

1Gl91, P2losllLz < |G, o]l Leell@sllre < @1l m (@2l mr | #s] 1
[Gld1, P2l Ausll 2 < (|G, B2l | Aadsll 2 S (D1l l| P2l ol D3] a2,
Ve(Glo1, ¢2]) - Vads|l 12 < ||Glo1, d2]llwree | Vads]| L2

S ol ll o2l ol b3l -

Furthermore, using Holder’s inequality (A.5) and the Sobolev embedding
in Corollary A.10, we have

[é10203]| 12 < o1l Lol d2llsldsllze S 1]l |2l a5l
This gives for all k&

Nel Nel
IOVulpl)klle < D NGRe vl S D 1ekllFn vl e
/=1 k=1
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By this, (4.64) follows.

Proof of (4.65).
Following the first line in the Proof of (4.63), for all k =1,..., Ng

1A (Valple = Valp wm<z{m Glipe, Y2 (9 = U] .2
=(1)

o IAalGIe] + ], el = [WlleRllze |-
=: (1)

Using the estimates in the Proof of (4.64), we bound (I) and (II) using

(91, ¢2, d3) = (e, Ve, i —1by,) for (1) and (91, d2, ¢3) = (|Ye|+ |7l [¥e] —
[y, ) for (II). This way, using the reverse triangle inequality ||| —

|l < Jebe — gl

120 (Vaalplw — Valp 1)l 2 S (B) =

Nl
= V/Na D> [Ilkllzn + (ol + 190 a) 19 2] 19 = ¢ g2 (4.71)

Via estimate (4.63), we also bound

Valely = Valp'[¢' |2 < (B). (4.72)

Combining (4.71,4.72) with the norm on H? (see also A.2), (4.65) directly
follows. 0

Using the Cartesian norm for the tensor V1), with ¢ a CNel-valued
function, and the Cauchy—Schwarz inequality, we obtain the following
inequality for CVel-valued functions v, v

Lemma 4.16 (Mean-value estimates for the density). For a > 1/2, we
have

10 = 0| Sa (Ipll5d” + 1015%) [0 — o). (4.74)
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Proof. We have, by the fundamental theorem of calculus,
1
a a a d
"= 7] = (1o = /] = | [ 5+ 0 = vy
Sa (01 + 19 D* 7 = o' Sa (0P + [P0 9 — )
— (pa—l/Q + pla—l/Q)‘w o ¢/|’
and (4.74) readily follows. O

Lemma 4.17 (Mean-value estimates for the density gradient). For b >
3/2, we have

Va() — Va()]
So (Q1IVae| + Q2 Vot )Y — ¢ + Q3] Vatp — V'], (4.75)
where
Or=p"' Qs :’0/1/2(,01)—3/24_p/b—3/2)7 Qs = P12,
Proof. We have, using Vyp = V10 - ¢ + 1 -V, (1/1) and (4.73) for the
pair (¢, ),
Vapl < 0%V, (4.76)
Using
Ve (") So 0" Vapl
and adding and subtracting the term p*~1V,p/, we get for all b > 1
Ve (") = Va(p®)| So 0" Vap = Vap'| + |07 = 07|V
By adding and subtracting ¢’ - V. (@) and v’ - V1, and using (4.73) for
the pairs (¢ — 1//,@), (1/)’,1/1 — 1/)’), (1/1 — @Z)’,@Z)) and (W,@Z) — w’), we get
[Vep — Vap| =
= v Va ) W Vo (§) + 9 Vet =0 Vo (v
< | =) Ve @)| + ¢ Va(@ = )| + | (@ = &) - Va(¥)|
+ [0 V(i = )]
S |Vatpllp = '] + o2 Vo) — Vo, (4.77)
Using (4.74) with a =b—1 > 1/2 and (4.76) for p/, we get
10" = oIVl | o (0732 4 ) AN ) || — )

These estimates altogether give the result in (4.75). O
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Lemma 4.18 (Lipschitz estimates on the local nonlinearity). Let q €
[1,00), and A € R. For any fized p € [1,00] and for all 1,v' € H> N LP,
we have

Nel
IVxlele = Vo1 ler San D [Ilid ™ + ekl = 'l
k=1

(4.78)
Moreover, for all ¢ > 7/2 and any X € R, it holds that

Velplt = VxlpT0 2 < Lon(max{[|¢[| gz, |92 )¢ — 9| 2,
(4.79)

where Lg Rg — Rg s a strictly increasing function near the origin.

Proof. Proof of (4.78).
By the fundamental theorem of calculus,

[Vl — Vilp']'| = p\mw’?(qfl)w _ ‘wlyz(qq)w/{
' d / n12(g—1 / /
S ’/0 &[W +t(y — )P () +t(w—w))}dt’

1
Sa [ =] /0 [+t — )P0t < [ — | (j0] + o)) 20V

Sq (P4 T Y — ).

Since H? is embedded into L™, we have

Nel
ol Sa D kIl (4.80)
k=1

for all @ > 0. Taking a = ¢ — 1 > 0 and combining the results, (4.78)
follows.

Proof of (4.79).

Taking p = 2 in (4.78), we only need the L? norm of

AL (Ve[pl — Vi[p']¥) in addition to get the H? norm estimate. Using
the product rule for the Laplacian in R®, we get

A (Vxlpl = Vxlp'TY') = A{ P AL — P ALY
=: ()
+ Q[VI (pq—l) S Vath — Vx(p’q_l) . Vaﬂ//] +A, (Pq_l)@b —A, (qu_l)ﬂ/ }’
=: (II) =: (II)

(4.81)
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which is in CNel. We discuss the terms one by one.

Term (I).
By adding and subtracting the term p? 1A, and using (4.74) with
a=q—1>1, we have

DI < ’Pq_l“Aﬂp - Az¢/| + ’Pq_l - P/q_l“Amwl‘ (4.82)
Sq AtlAg [0 — @' + Ag] Ayt — Ay, (4.83)
where
3/2 3/2 -
= ol + o172 = llolI£=.
Term (II).
By adding and subtracting the term V(p?1) - V1,
Vo (p97h) - Vb — Vi (p971) - V| < (4.84)

< VeIV = Tt 1Vat/ [V (p1) = V")
We get

4.76)
V(o) = (g = 1)|p" 2\|pr| < (g = 1)|lp| 3PV,

Using this and (4.75) for b= ¢ — 1 > 2, we have
(D] Sq (B1IVallVat'| + Ba| Vo' ?) [ — |

+ (B3| Vat)| + B4|Vo)'|)|Vathp — V'], (4.85)
where
1/2 5/2 5/2 3 2
=pl%2, By= |0/ / (Il E27 + 11014272, = ||p) 42/
1/2
By = |l 42161112
Term (I11).
By adding and subtracting the term A, (qul)w’,
(D] < (A (o) [0 = /| + [ A (p71) = Au (07 |11/ 2.
——

=:(a) —:(b)

We have, using Agzp = 1 - Ag) + Agap - + 2|V,1p|? and the Cauchy-
Schwarz inequality,

1Au 0] S o2 18] + |Vt (4.86)
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Using this, we get

(@) Sq (0= 2Pl [Vapl* + |2 Anp]
(4.76)
S 1922 = 3)IVutb]? + [l 1 A0 )]

By similar reasoning, we get, by adding and subtracting the terms
P13V ap!|? and pT 2 A0,
(b) Sq (a—=2) (o172 [IVapl® = |Vup P + 0972 = 72| Vap' )
=) — (i)
+ 101772 [Aup = Aup!| + [ p772 = P72 Ap] -

-~

Using (4.76) for p and p/, we get

(1) < (|Vap| + [Vap' )| Vap — Var|
(4.77)
S (12190 + 121121V ])

x ([ =¥ [|Vatd| + 9112 | Vath = Vi),
Using (4.74) with @ = ¢ — 3 > 1/2! and (4.76) for p’, we have
(i) Sq (Il + 10192 16 oo |Vt PPJop — ).

In addition, by adding and subtracting the terms v’ - A 1) and Ay -4/,
using the reverse triangle and the Cauchy—Schwarz inequalities, we have

(ili) =|2(|Va¥]? = Vo' |?) + (¥ — &) - A0 + (Agth — Agty’) -0/

+ (W =) Agp + (A — Agy) -/
112180 = Auy]. (4.87)
Furthermore, using (4.74) with a = ¢—2 > 1 and (4.86) for p/, we obtain

(V) Sq (o152 + 1019222Y (1 152180t | + [Vt [2) 36 — o)

Tt is exactly this point in the proof that causes the restriction for the exponent
in the exchange term ¢ > 7/2 to appear.
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Altogether, we get

[(TID)| <4
q (C1]Va0]? + Co| V)| [Vat!| + Cs| Vot |* 4+ Cal Agth| + Cs|Agt)|)
X |9 — @[ + (Co|Vatp| + C7|V o)) |Vutp — Vail/|
+ 08|Ax¢ - Ax¢/|’ (4'88)

where

= 161522 (ol 2 + 1P 1E2),  Co = a5 10 Nz,
Cs = 1/l [l 402+ llpllzee) + 1 1%"2 (0 + 119 oe ).
Ci = ol (ol 210 1= +1).Cs = 9l (ol 52" + 110/19:273),
Co = ol 521012 (ol 2 + 10112),
Cr = Il &2 12 Ulpllzs + 11),  Cs = ol &2 16 [l

Conclusion of the proof of (4.79).

The function £ can be split into terms £ = Lo + L1 + Lt + Lir. As
discussed at the start of this proof, Ly is the contribution of estimate
(4.78) for p = 2. The other terms stem from (I), (II) and (III) in (4.81),
and are obtained taking the L? norm in (4.83), (4.85) resp. (4.88). Here,
we only discuss the L1 term; all scalars C; can be bounded using (4.80).
The same embedding, of H? into L, is also used for the factors |1 — /|
in the C1, ..., Cs terms. In the C; and C3 terms, also the L* integrability
of the gradient terms |V 1|, together with the embedding of H! into
L*, is used; after using Young’s inequality for products (A.14), the Cy
term follows the same line. For the Cy and Cs term, we use the L?
integrability of the Laplacian term |A,|. For the Cg and C7 terms, we
use the Cauchy—Schwarz inequality, and the Cg term follows by definition
of the H? norm. The terms L1 and Ly can be handled similarly, and
this concludes the proof. O

Lemma 4.19 (Lipschitz estimates for the nonlinearity). Forq > 7/2 and
any A € R, there exists a function Z y : R+ — R+, strictly increasing
near the origin, such that for all 1,1 € Bel( )

[Vixlpl — Vixlp' [ | oo, m2) <

< Zoa(a(m) + [0 ) 19 = ¥l o o,r:m2), (4.89)
Vaxlplvllooo,m:m2y < (a(m) + [0 12 ) Lo () + [|£°]] 132) - (4.90)
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Proof. This is primarily based on the previous Lemmas: combining the
estimates (4.65) from Lemma 4.15 and (4.79) from Lemma 4.18, we have
that the mapping ¢ — Vygx|[p]® is locally Lipschitz continuous in H?.
Consequentially, for all ¢, ¢ € C°([0,7]; H?)

Vax[pl — Vax[o'[Y' | coo.m;m2) <
< Zyamax{ ||| oo, m2), 1Y |coo.7:m2) DIV — 'l o jo,73:12)
(4.91)

where .7}, \ can be created using the previously established bounds. Since
this function is non-decreasing, we get (4.89) from (4.91) by definition
of Bei(7). In particular, we get (4.90) from (4.91) when we first set
P = 0. O

4.6 Existence and uniqueness of nuclear config-

urations

In this section, we prove a local-in-time existence and uniqueness result
for the Cauchy problem associated with (4.1b) for given ¢ € Be(7):

N,
. Zx [ T — Xk Xk — X1,
XK = p dac + J——
Mg | ) |z — Xk L ;L:#K | Xk — X1 3]
(4.92a)
X0)=Xx°  X(0)=V(0), (4.92b)

with X0, V0 € R3Mwe such that X% # X? for 1 < K # L < Npye.

Lemma 4.20. There exists T > 0 such that the following properties hold.
For given 1 € Be (1), the system (4.92) has a unique short-time solution
X € Buye(T) N 02([0, 7]; Bs (XO)). The mapping

N 1) € By(1) — X € Buue(T) N 02([0,7'];R3N““C) (4.93)
s bounded in the C’l([(), T];R3Nn“) norm, and continuous as a map from
CO([O,T];L2) to C’O([O,T];R?’NI‘“C).

Proof. Part 1: Eristence and uniqueness of X in C*([0,7]; Bs(X")).

Since ¥ and so p are given, we write the right-hand side function of
(4.92a), using the acceleration function A as in (3.8), but without
parameters for now: A = A(t, X'). Note that ¢ is an explicit variable for
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the A}( terms, but not for the A%( terms.

We define the compact set
x#(7) := [0, 7] x Bs(X"). (4.94)

Note that we drop the dependence of this set on 7. By the reverse
triangle inequality, we have for all X € B (X 0) and K =1,..., Nyue

[ Xk| <X <X +]X — XO < |XO +6(r). (4.95)
First, we prove A is continuous in (¢, X) on ». To this end, we pick
a sequence {(tn, Xn) neny C 2 with (t,, X,) ——s (t*,X) € 5. The
functions AL give for all n, using the Cauchy—Schwarz and Hardy’s in-

equalities (A.4),

| Ak (tn, Xn) = Ak (8", Xa)| S

Nel
<3 (1Xuk =172 | [kt )] = [0, )]%]) L2
k=1
Nei
< Z<|XnK — 7Y max [t ) 1 Xk — - | k(s ) — VRt ->r)
k=1 tE[ 7T] 12

Nel
N Z Hvﬂ/’kHLm ([O,T];LQ) [Vatok(tn, ) = Vatbp (™, )| 2 = 0,
k=1

as ¢ € C°([0,7]; H'). Using this and Lemma 4.11, by which A} (¢*,-) €
CO(R3Nnue; C3), we have for all n

| Ak (tn, X)) — Ak (%, X)| <
< Ak (tn, Xn) — Ak (8%, X)| + | Ak (£, X)) — Ak (¢, X)| ==—=% 0.
(4.96)

The functions A%( are not explicitly time-dependent and continuous
on Bjs (XO), hence on s.

Since A is continuous on the compact set s, it is also uniformly
bounded on ». By Lemma 4.11,

1A% llcoqo.rmree s (x0ncs)) S 191200 .02 (4.97)
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since ¢ € Bey(7). The functions A% are bounded on Bj (X 0) by

NHHC
1A% Lo (85 (x0y:09) S Z

L;éK

1

_— 4.98

Lo (Bs(X9))

Furthermore, by Lemma 4.11, A%(t, -) is uniformly Lipschitz continuous
for all t € [0,7] and K, as

Ncl
1D ALt ooy S S IDLEE i S 10l2ogo e (4:99)
k=1

since 1 € Be(7). For the A% terms, we note that the functions X
(Xk — X1)| Xk — X1|~3 are locally Lipschitz on Bg (XO). Therefore,
A is Lipschitz continuous in X € Bjs (XO) and uniformly in ¢ € [0, 7].
We denote the corresponding Lipschitz constant by Cf,, dropping its
dependence on T.

Now, we define T as the following mapping on the complete metric
space CO([O, 7]; B (XO)), equipped with the CO([O,T];R3N““C) norm:

t
TIX)(t) == X° 4+ VO + / (t —0)A(o,X(0))do. (4.100)
0
By the boundedness of A, we have for all X € C°([0, 7]; Bs(X"))
2
,
ITIX] = X ooy < VO] + 5 Illcogs- (4.101)

Note that 7 maps CO([O,T];Bg(XO)) into itself, as for 7 > 0 small
enough it holds that

2
VO + %||A”CO(J4;C3NnuC) < o(7). (4.102)
Hence, for all X, X' € C°([0,7]; Bs (XO))7 we have

[T1X] - TI:X/]”CO([O7T];R3NDHC) <

HX X'leoo.r)s (4.103)
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Note also that 7 is a strict contraction on C°([0,7]; B5(X°)) in the
C°([0, 7)) norm, as we can always shrink 7 > 0 so that

Cp2
2

<1 (4.104)

holds. By the contraction mapping theorem, 7 has a unique fixed point
in C°([0, 7]; B5(X")). Because of this, (4.92) has a unique short-time
solution in C*([0, 7]; Bs(X")).

Part 2: Localisation of X in Buuc(T).
Integrating the ODE in (4.92a), we get

HXHCO([O,T]) < VO] + 7llAll cog-
Note that X € Byuc(7), picking 7 > 0 smaller if necessary, so that
T||A||CO(%;C3NnuC) S 15 (4105)

holds. Therefore, X € Byue(7) N C2([0, 7]; Bs(X?)).

Part 3: Boundedness and continuity of N
From (4.95,4.46), we have that A is bounded in the C*([0, 7]) norm:

1XNlo1 o,y < |X°|+6(7) + -

In order to prove continuity of A" as a map from C°([0,7];L?) to
CO([O,T];R3N"“C), we consider a sequence {¢y, }nen C Bei(7) such that
Y "5 1) € Ba(7) in the C°([0, 7]; L?) norm. Similarly to X = Ny],
we define X, := N[,] and p,, := |1,]?. Note that X and X,, are fixed
points of the mapping 7 introduced in Part 1 of the proof. Using this,
for all t € [0, 7]

(Xn — X)) < /0 (t — )| Alpal (X () — Alp(X (0))|dor, ~ (4.106)
where

[Alpn](Xn(0)) — Alpl(X ()] <
N N

< > [Akloal(Xa(0)) = Ak [P)(X (0))| + Y [AK (Xa(0)) — A% (X (0))] -
K=1 K=1

=:(I) =:(II)
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We have
(D) < (Ta) + (Ib),
(Ta) := %:1 [(r(t, ), EC = X&) (Wi (E, ) = P(t; ) 2
+ ZZk(t ) = Ykt ), B = Xng )nr(t, ) 2],
(Ib) := % |(r(t, ), 2 = Xng )Pni(t; ) 2
- ?@Z(t, ), B = X )hnr(t, ) 2],

where E(z) = x||x||]§§’ Arguing as in [CB99, p. 980|, (Ia) can be
bounded by

Nei

B’n = Z sup (’ ' _x’_l‘wk(ta ) + wnk(ta )‘7

=1 (t,z)€[0,7]xR3

‘ : _33|71|¢nk(t7 ) - ¢k(t7 ')|)L2 R 07

as P, —> 1) in C’O([O,T];LQ). We also have

Nel
(1) £ S IVaGltbk, Yk (X)) — VaGlthk, k) (X i)l o0 0.75:02)
k=1

< OF | Xn — X|,

where we adopted the map G from (4.21), and used that the functions
V Gk, k] are uniformly Lipschitz continuous in X for uniformly all
t € [0,7]. So is (II), with some Lipschitz constant C’%jn. For all n, C{jn
and C%,n are uniformly bounded by C¥, since all 1,, and 9 are taken from
the uniformly bounded set Be(7). Altogether, from (4.106) we obtain

1 Xn = Xlleoqo) S 721Xn — Xllcoo,) + 728n-

It is then clear that for 7 small enough the conclusion follows. O
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4.7 Existence and uniqueness of electronic con-
figurations

In this section, we prove a local-in-time existence and uniqueness result
for the Cauchy problem associated with (4.1b) for given X € Byye(7):

N,
. nuc 1 _
Wi, = =580k — Z - ¢k+<| | P>¢k+>\Pq "k, (4.107a)
¥(0) = 0 (4.107b)

with 90 € H?.
Lemma 4.21. Let ¢ > 7/2, A € R. Then, there exists T > 0 such that
the following holds. For given X € Byye(T), the system (4.107) has a
unique short-time solution ¢ in Be (7).
Proof. This proof is based on Lemma 4.12, which ensures the existence
and the E(HQ) bounds of the propagator U(t, s) for the family of linear
Hamiltonians { HXS1n(¢) ¢ € [0,7]} from (4.33), and on Lemma 4.19,
which ensures that the nonlinear mapping ¢ —— Vpx[p]¢ is locally

Lipschitz in H?.

We define F as the following mapping on the complete metric
space CO([O, T]; Ba (wo)), equipped with the CO([O,T]; H2) norm:

(FI) () = Ut 0)° —i /0 U(t, 0)Varx ol (0)do,

with Vgx as defined in (4.62). Note that we obtain for all ¢ €
C°([0,7]; Ba(¢")), using Lemma 4.12, property 2,

Fl)(0) = U(0,0)3" = ¢°. (4.108)
Note also that, provided that
[L+ Bry + 7Bry(2Br sy + D) Zyn(a+ [[¢°) 12)] < 2Bry,  (4.109)

we have that F maps the complete metric space CO([O, T]; Ba (wo)) into
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itself, as

| 7] - ¢0“00([o,f];ﬂ2) -

fr— . —_— 0 —_— ) . .

= Jweo -1 =i [ veovuidvone]

< BT,'y(HwOHH2 + THVHXI:IO}wHCO([O,T];HQ)) + HwOHH2 (4110)
(4.90)

< [14 Bry + 7Bry(2Bry + 1) Zg (o + WOHHQ)] WOHHQ
(4.109)

< 28 4] o = o

where we used Lemma 4.12, property 8 in (4.110). Moreover, note that,
provided that

7By Zyx (7)) + |90 o) < 1, (4.111)

we have that F is a contraction on C°([0,7]; Ba(¢?)) in the
C°([0,7]; H?) norm, as for all ¥,¢’ € C°([0,7]; Ba (¢?))

1716 — FL ooy =
. 1,07
- | / Vil (o) = Viaxl W/ @)do |,
< 7B |Vax[plY — Vax[p'1¢ | co o1 12) (4.112)
(4.89) (4.1

111)
< By Lo+ |00 g ) I — ¥ llcoqogmz) < 1 — ¢ llcogo.: m2)s

where we used Lemma 4.12, property 8 in (4.112). By the contraction
mapping theorem, F has a unique fixed point in C’O([O, 7]; Ba (¢O))

It is now left to prove that this fixed point, simply denoted by ), is
also of class Cl([O,T];LQ); then, it solves (4.107) strongly on [0,7]. To

this end, we consider the following identity, which holds for all 0 <t <
<

) =) _
t—t

L U,0)-U(t,0) 4 YU, 0)—Ul(t,o)
e +/0 vt

VHX [p]w(a)da

+ /tt U, U)VHX[p]l/J(J)dU, (4.113)
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and we show that

t—st

1(4.113) — H*S[X(t), plop(t)l| .2 — O,

where the expression (4.113) involves all three integral terms. This will
imply that ¢(-) is differentiable as a mapping [0, 7] — L? with a deriva-
tive 1(-) such that

ip(t) = HS[X (1), pluo (D).

Note, in particular, that for the given X € Buuc(T), HXS[X(-), pl (")
is a continuous mapping [0,7] — L2, which will imply that 1 €
Ct ([O, 7l; L2), so that the PDE is satisfied in the strong sense. We have

1(4.113) — HRS[X(8), plob(8)]] 2 < (1) + (ID),

M :_HZ,U(t’,(i)/:g(t,O)woJr/t U(t',o) = Ult,o0)

)

L2

_ HKS,lin (t)¢ (t)

/tt U}t: ‘Z) Vux|p|v(o)do — Vax|[p](t)

(]

L2

In the limit, we get

Lm{(D} =

im0 + [ 2wt vilaveis - 5 ou0)|
:HHKS’hn(t) [U(t,0)0°] + /0 t — i HESIE () [U(t, 0)Vax[ply(o)]do

— HESA 4y (t) 2 (4.114)
= (| () [FLu (1)) - (®)]llr2 =0, (4.115)

where we used Lemma 4.12, property 7 (see also [Yaj87, Thm. 1.3. (6)])
n (4.114), the linearity of the Hamiltonians HXS1(¢) and v being a
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fixed point of F in (4.115). We also have

(In) < /t U(t, 0)Vux[plv(o)do — Vax [pl¥(t)
—(@)
” t’ltu/t (o) - U(t’o')]VHX[PW(U)dU‘

=i(b)

t—t 12

L2’

In the limit, (a) goes to zero, because of the fundamental theorem of
calculus for Bochner integrals and Lemma 4.12, property 2. Furthermore,
we have

t'—t t'—t

< tl’u—nnf{H [U(tlv ) - U(tv ')]VHX[p]wHCO([O,T],LQ)} =0, (4116)

(0} < fimd L [ 10(.0) - Ut o Vs (o)l o |

where we used the uniform continuity of U(t, s)Vux|[p]w(s) on [0,7T]?
together with Lemma 4.12, property 4 in (4.116). Since 9 also is a fixed
point of F, by which ¢ = F[](0) = ¢° (see (4.108)), we know 1 is a
strong solution to (4.107) on [0, 7].

Now, we show uniqueness of the short-time solution 1 to (4.107)
in the class C*([0,7]; L?) N C°([0, 7]; Ba(¢°)): although the classical
contraction mapping theorem also provides uniqueness, this is only in the
class C’O([O,T]; B, (1/10)). So, now we prove uniqueness in the different
space C’l([O,T];L2). To this end, we let 1 and 9’ be two short-time
solutions of (4.107) in C*([0, 7]; L?). First, we have (¢ — ¢')(0) = % —
¥ = 0. Moreover, for all k € {1,..., Nq}, using the PDE in (4.107a),

d / d / /
e = VhllZe = 3, (k= Vi v = ¥h)r2

= (U — Y ¥k — V) 1o + (W — VU e — U)o = (I) + (IT),

where we have, using that the linear Hamiltonians HXS!"(¢) are self-
adjoint on L2,
(1) = il(r — P, (HS () (0 — ¢))i) 12
— (HSS™ (@) (¢ = "))k U — ) 2] = 0,
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and
1D =
=i [ (Vux[plY — Vax[p']V)k, Yr — ) 2

— (Vax[pl — Vax o] )k vk — ) 12
= 2Im((Vax [p]¥ — Vax[0'1¥ )k, Yk — ¥3) 2
Using this, we get

Nei d

d / !/
g Y = IIE2) = > 4 Ul — wilZe)

= 2Im(Vnx [p|y) — Vax[p']¥', ¥ — )2 < Cllv — /||,

where C' = C(|[¢¥]|co(jo,7;m2)5 1Yl co(o,7;2)> T @5 A Net) > 0 stems from
the Cauchy—Schwarz inequality and combining (4.63) from Lemma 4.15
and (4.78) from Lemma 4.18. Now, by Gronwall’s Lemma, we get that

=

Note that there is always 7 > 0 small enough such that the in-
equalities (4.109,4.111) are satisfied. Recall that B;, and « are of the
form

B‘r,'y = A'ly—‘rcpﬂ > 1, a(T) = 2A’1}’+C’Y7—HwOHH2’

with A, Cy > 1 defined as in Lemma 4.12, property 8. Let

g(T) == TBmﬁzq,A(a(r) + [0 2) — L. (4.117)
T?’y -
Since ¢(0) < 0, the conclusion follows by continuity. O

Lemma 4.22. Let ¢ > 7/2 and A € R. Let 7 > 0 be such that the
following holds: for given X € Buue(T), ¥ € Be(T) is the unique short-
time solution to (4.107). Then, the mapping

E 11 € Buye(T) = X € Ba(7),

is bounded and continuous as map from CO([O,T];R3N““C) to
CcO([o, 7]; L?).
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Proof. Since Be(7) is a bounded subset of CY([0,7]; L?), the mapping £
is bounded in the C°([0, 7]; L?) norm. In order to prove continuity of &
as map from CD([O, 7l; R3N““°) to C’O([O, T LQ), we consider a sequence
{ X} nen C Buue(7) such that X,, "% X € Buu(7) in the CO([0,7])
norm. Similarly to 1 = E[X], we define v, := E[X,,] with pp, := |[¢,]?.
Then,

0

i (Wn =) = HOX, pl(Yn =) +Cn (% —9)(0) =0,

with

Cn 1= Cn + Co + Gy

Crlz = Vext[Xn]wn - Vext[XW - Vext[X](¢n — 1)
= (Vext [Xn] — Vext [Xp@bm

Ci = Vatlpnltn — Valplt — Valpl(¥n — )

Ne -
=> {Re[(¥nr — k) Cnk + ¥p)] *| - |7}, (4.118)

k=1

¢ = Vilpnlton — Velplt = Vielol (n — ©) = A0 = p7 )by,

where we used |ul? — [v|?> = Re[(u — v)(u + v)] in (4.118). We denote
by {HXS[X (t), p],t € [0,T]} the family of KS Hamiltonians for the given
X € Buuc(7). Note that since ¢ and thus p are fixed now, these Hamil-
tonians are acting linearly on ,, — %, and can thus be written, similarly
to (4.33), as

HSS(t) = =LA, + V(1) + Vax|p]

with V(t,-) = Vext[X(t)] as before in Section 4.3. We have that the
linear potential V' (¢) + Vix[p] satisfies Assumption 4.4; hence, there ex-
ists a family of evolution operators {8(¢, s), (¢,s) € [0,T]?}, associated
with this family of Hamiltonians, satisfying properties 1-4 of our Lemma
4.12.2 In what now follows, we argue like [CH98, Lemma 4.1.1.]. For
fixed ¢ € (0,T], we consider the mapping

u(o) = U(t,0)(Yn = )(0)

2Note that these four properties are a consequence of [Yaj87, Thm. 1.1], which
requires only the Assumption (A.1l), stated above the mentioned Theorem.
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for 0 € [0,t]. Let o € [0,t] and h € (0,t — o). Then, we have

u(o + h) —u(o) _

h
- %L[uu,am)(wn o B) — Ut o) (1 —w><a>]
= Ut 0+ h) (W — )0 + B) — U(o + hy0) (o —)(0)]  (4.119)
) )0 + ) — (6 — B)(o)
—il t, a—l—h [ N
(o + h,o) —1d

-0 =, - o)

h|0

20, 4(t,0) [;wn ~0)(e) + X ().l — (o) (4120)
= —i(t,0)(n(0).

where we used Lemma 4.12, property 1 in (4.119) and [Yaj87, Cor.
1.2. (4)] in (4.120). Due to Lemma 4.12, property 4, we know that
for fixed t € [0,T], $(t,-)¢n € C°([0,T], L?); hence, we have that u €
C1([0,¢); L*), with for all o € [0,1)

u' (o) = —ish(t,0)Cn(0).
Integrating this expression from 0 to t’ < t over o, we obtain the expres-
sion
t/
u(t') —u(0) = U(t,t') (bn —)(t') = —i [ U(t,0)¢n(0)do

0

In the limit ¢ — ¢, using Lemma 4.12, property 2, it follows that the
corresponding integral representation holds for all ¢ € [0, T:

(b — $)(t) = —i /0 U(t, 0)Ca(0)do

Using Lemma 4.12, property 3, for all n € N and ¢ € [0, 7]

1 — B) DIz < / 163 (0| 2o

je{1,2,3}

So, now we deduce L? estimates on ¢, (o) for j € {1,2,3} forallo € (0,1),
using that v, and ¢ € B (1), which makes them uniformly bounded with
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respect to n in CO([O, Tl; Hz). For j = 1, we note that this makes them
uniformly bounded with respect to n in L ([0, 7]; L?) and L>([0, 7]; L*°)
too, using the embedding of H? into L>. Also, we use that for all n,
Vext [Xn(1)] = Vi 4+ V2 and Ve[ X (+)] = V! + V2 belong to the space
CO([O,T]; L2) + C°([0,T); L>), and their difference goes to zero in this
space; see also (4.45). Together, this gives forall0 < o <t <7< T

I<h(@)l2 <
< (Vi (@) = VI eu(0) 2 + (ViH(0) = V() ¢n(0)]|2
< |V - VIHLOO([O’T];LQ) [¥nll o< (f0,7120)

+[|V;Z - VQHLOC([O,T];LOO)WnHLOO([OyT};H)

n——:uoo

<C(Ivy =V [V = V1 o,17;0)) =t Crin = 0

L ([0,7};L2)

for some C = C(a, ¢0) > 0. For j = 2, we adopt the map G from (4.21).
This gives for all o € (0, )

I¢R(0)]l2 <
Ne
< Z |Gk (o) = (o), Ynk(o) + i)l Lo [9n (o)l L2

S Z k() = Y2 [ (@) + @) a2 Il (g 1,2
scznwn( ) — (o)l

for some Cy = Cs (a, wo) > 0. For j = 3, we have for all o € (0,t)

(4.74)

[[EACHFZR

<o (1 @E2 + 1p@E2) pn ()2 9n(0) — (o)l 2

(4.80)
< Gslvn(o) = ¥(0)]| L2,

for some C3 = Cj (q, ,wo) > 0. Combining these three estimates, for
all t € [0, 7]

| — ) (D) l22 < Conr + (Ca + Cs) / |n — 91(@)l| 2o,
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Now, by Gronwall’s inequality (A.15) we conclude that for all ¢ € [0, 7]
(thn — ) ()| g2 < Crnrel T, (4.121)

which concludes the proof. O

4.8 Existence and uniqueness of the coupled so-
lution

In this section, we prove the main result, Theorem 4.1.

Lemma 4.23. Let ¢ > 7/2 and A € R. Then, there exists T > 0 such
that the system (4.1) has a solution (¢, X) in

CO([O,T];HQ(R3;(CN91)) N Cl([O,T];L2(R3;(CNel)) % 02([0,T];R3Nnu°),

Proof. Let 7 > 0 be such that the following statements hold. For
given 1 € Bg(7), (4.92) has a unique solution X € Bpu(r) N
C2([0,7]; Bs(X?)), and for given X € Bpu(7), (4.107) has a unique
solution ¢ € Bg (7). Existence of such 7 has been proven in Lemmas
4.20 and 4.21. We define the inclusion

A Bnuc(T) N 02([0, T]; RSNMC) — Bnuc(T)a

which is a continuous and compact mapping. Also, we define the map-
ping

K : Buue(T) — Buue(T), K:=ToNoE&.

Since by Lemma 4.20, A is bounded in the C'([0,7]) norm, by the
Arzela—Ascoli theorem it follows that K is a compact mapping, where
Buue(T) is equipped with the C°([0, 7]) topology.

By the classical Schauder’s fixed point theorem, I has a fixed point
X in Bpue(T). Setting ¢ := £[X], the corresponding pair (1, X) is the
desired solution, and this concludes the proof. O

Now, we will arrive at the uniqueness result of the solution (¢, X).
To this end, we prove the following Lemma.

Lemma 4.24. Let ¢ > 7/2 and A € R. Let (X,¢),(X',¢") be two
solutions of (4.1) in the space

CO([O,T};H2 (R?);(CNel)) e Cl([O,T};LZ (Rvg;CNel)) « 02([0’7];R3Nnuc)
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for some 7 > 0. Then, we have for all t € [0, 7]

(% - X'><t>\<cu<x X0+ | =) Ol o], (4122)

€
@
é
=
i !
IN

(X = X) (o) + I(v = ¥')(0)[pae]do,  (4.123)

where C = C(|[¥llco(o,r:m2): 19 lco(o,7;12)) -

Here, L3> indicates a weak Lebesgue space: see also Section A.2.

Proof of (4.122). In this proof, we use for shorthand notation the
function Z : R? — R3 (a.e.), x — z|z| 3.

We have for all ¢t € [0,7] and K € {1,..., Ny}
(X = X)) =

< [Ak[p®](X (1) — A
< [AklpNX (1) — Ak [p(1))(X'(1))

By Lemma 4.11 on the force functions, A}([p] are uniformly Lipschitz
continuous in the nuclear variable for all ¢ € [0, 7] and k, by which

Nei
(D) S D 1@k(1), 2 = Xk () vr(t) 2 — (Wr(t), E(- — X (£))tbn(1)) 2]
k=1
(4.29)

< Cil(Xk — Xp)(#)] < Gil(X = X)(2)]
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for some Ct = Ci(|[9[|cojo,7;m2)) > 0. Also,

<H>
<Z|wk ) E( = Xi () (% — ) (1) 2
((wk — V)(t), E( — X () ¥k(t)) 2]
S %[I(! =X ()] ok (0), |- = Xk (0] (0 — 1) () 2]
kl(\ =X ()7 (W = U (), |- =X (D] 5(8) o] (4.124)
<; I =X O @) a1l =X O @ = 2] 1

X 2 |l - =X e O o — ) D)]] 2] (4125)
Nei

< S UVeek® e + V0@l 2| [ 172 lx — w2 )] |12
k=1

(4.126)

Nel Nel

SR S ()i + 15 () 12) 3 [[lebe — D42 )|
k=1 =1

(4.127)

< Cull(¥ = ¢")(t)ll s (4.128)
for some CH == OII(H¢||CO([O,T];H2)7 ”w,HCO([O,T];HQ)) > 0. Here, we used

that |Z| = |-|72 in (4.124), the Cauchy-Schwarz and Hardy’s inequalities
(A4)in (4.125,4.126), (A.13) in (4.127), and (A.12) and ’||¢?|| ;5 /00 =

1125, (since (¢2)* = (¢*)?) in (4.128). Since X, X" € Baye(7), we can
bound (III) similarly to part 1 of the proof of Lemma 4.20:

Nnuc

(111) E(Xk — X12)(t) = E(Xg — Xa1)(1))]
fﬁ(
Ssxo [(X = XN(@)].

Since these results hold for all &, (4.122) follows.

Proof of (4.123).
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Similarly to the proof of Lemma 4.21,

(=) = =300 = ¢') + Vet [X] (% — 9)

+ Virx ) (4 — ) + ¢,

(v —4")(0) =0,
where ( := Zl + 22 + 23, with for j € {1,2,3}, Zj being ¢J, with
(Xn, ) — (X', ¢"). As the operator —A/2 generates the free propa-
gator, we write the equivalent integral equation for all ¢ € [0, 7]

2
ot

w-wwwz—géaw—aﬁmmxwmw—wx@

+WMMW—wmw+aw}w

In [CB99, Lemma 6], the following result on the free propagator is proven:
for all o € (0,7] and f € L3/ we have

1
HUO(U)fHL&oo < %HfHLWZOO-

Using this result and the quasi-triangle inequality (A.2), we get for all
t € [0,7] and k

1o = ) )| s S

t 1 ,

S | = 0l X (@ = (@)
IV — 9k gorzoe + KL = 90 o2
+ Z I (Cj(a))ka/Q,oo}da.

j€{1,2,3}

Since || - ||H§§ € L3> by (A.12), we arrive at the following estimates
for all o € (0,t) and k. Using the quasi-triangle inequality (A.2) and
Holder’s inequality (A.11) on L3/%° we have

[(Vest[X ()] (% = )i(0) | 20 S

Nnuc

SO =X @) | oo 1 (W = ) (0) | oo
L=1
S oo @k = i) (@)l 2300 S (W0 = 3) (0) ] 3.0
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We also get

IValol (@ = DNk |72 S ooy ) %1 17 wsee | (8 — 93) (0) | 3.oo
(4.129)

S @) o |[1- 17| oo 10k = 93) (@) |20 < Crrll (r — 93)(0) | 3.0
(4.130)

for some Cy = Cu([|¥[lco(o,7;m2)) > 0. Here, we used Holder’s in-

equality (A.11) on L3/%° in (4.129) and Young’s convolution inequality
(A.10) on L3> in (4.130). Furthermore, we have

IVl [ = Dk 37200 Sx ([0 7| oo [k = P (0) [ .00
(4.131)

S e Lall (r = i) (0) [l s < Cxll(vor — i) (0)l| 3o (4.132)

for some Cx = Cx(||¥|co(jo,r);12), @) > 0. Here, we used Hélder’s inequal-
ity (A.11) on L% in (4.131). In (4.132), we first used [BS88, Chapter
4, Prop. 4.2.], and then the quasi-triangle inequality (A.2), Sobolev’s
inequality with interpolation in Corollary A.8, and the embedding of H?
into L>°, by which, with 6 := 6(¢ — 1) > 6, we have

Nei Nel
@3 <o S (@)% 0 < S w0158 0k (0) 18
k=1 k=1

Nei
S Y 19llEoo,m.2)-
k=1
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We also have

H (Zl(g))kHLB/Zoo S

Nl’]LlC
S S =X = [ =X ) k(o) s/ (4.133)
L=1
NHHL
= ZH ~(X, = XP)(@) 7 = 1 7)o + XD ojee (4:134)
NHUC
< ()l Z I 17Y = (X = X0)(@)] 7| orae | (X2 = X1)(0)]
(4.135)
NHHC
S Wklleoqorgaz Il 17 oo D M1 (XL = X1) (@) 7| .00 @
L=1
x |(Xr — X1)(0)] (4.136)
Vane [V lcoqomgsmy ||| 17 [ rsme [(X = X)(0)] (4.137)

S Ikl coqo.rm2) (X — X')(0)].

where we used the quasi-triangle inequality (A.2) in (4.133), shift invari-
ance of the weak Lebesgue norms in (4.134,4.137), the reverse triangle
inequality || - | — |- —(Xr — X})(0)|] < (Xt — X})(0)] in (4.135) and
Holder’s inequality (A.11) on L3/%° and the embedding of H? into L
n (4.136). In addition, we have

H(ZQ< Dill oo S
<ZH{ W= 0@ @+ D) @)] - T30 (0) || o (4138)

S ZH (W — 0 (@) (We + ) ()] % |- 17| oroe [0 ()| 1200 (4.139)
<ZH (e — ¥} (o) (e + ) (o ]*"|_1HL6,2H¢]/€(0—)HL2 (4.140)

S Ikl eogo,riz) Z [Ce = ) (@) (e + 04) ()| oy Il - T | o
=1
(4.141)
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Nei
Skl coqoraz D@z + 50 2]l (e = 45) (o) ] oo
(=1

(4.142)
< Col|(¥ = ") (o)l 3o (4.143)

for some Ca = Ca(|[¢llco(o,r;m2)5 19l co(o,7;m2)) > 0. Here, we used
the quasi-triangle inequality (A.2) in (4.138), Holder’s inequality (A.11)
on L3%% in (4.139), [BS88, Chapter 4, Prop. 4.2.] in (4.140), Young’s
convolution inequality (A.10) on L52 in (4.141), and Hélder’s inequality
(A.11) on L%/52 in (4.142). Additionally, we have

(4.74)
H( )kHLS/Zoo 5 Aq

Sxna (@@ + [0/ ()72 () [ (0) = ' (o)l 2.

< Q@2 4110 (152 () oo 1 (90 — 47) (0)] | po.oe
(4.144)

Nei
o [ Ipwlo) I3 S bl e[GO PR

=1 k'=1
xZH e —Up)(0)| psee < Cll( — ¥')(0)]| po.ce (4.145)

for some C3 = Cs(||v[lco(jo,7;m2) 1Yl co(fo,7);12), @) > 0. Here, we used
Hoélder'’s inequality (A.11) on L3/2 in (4.144). In (4.145), we first use
(4.80), [BS88, Chapter 4, Prop. 4.2.] and the quasi-triangle inequality,
and then Sobolev’s embedding theorem with interpolation in Corollary
A.8. Since all of these estimates hold for all o € (0,¢), and j, (4.123)
follows. O

Proof of Theorem 4.1. Let 7 > 0 be such that the following statements
hold. For given 9 € Bg(7), (4.92) has a unique solution X € Byye(7) N
C?([0,7); Bs(X?)), and for given X € Byuc(r), (4.107) has a unique
solution ¢ € Be (7). Existence of such 7 has been proven in Lemmas
4.20 and 4.21. Existence of the solution (X, ) of (4.1) in the space

CO([O,T};H2 (R:%;CNQI)) N Cl([oﬂ;LQ (R3;(CN91)) % CQ([()’T];RSNHUC)

has been proven in Lemma 4.23. Uniqueness of this solution follows from
Lemma 4.24. For two solutions (X, ), (X’,’) in this space and p > 2,
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let us define the function h € C°([0,7]) by

h(t) = [[(X = X)O] + 1( = ) ()| aee ]

Since X and X’ both solve (4.92) on [0, 7] and thus are fixed points of
the mapping 7 in (4.100), for all ¢ € [0, 7]

= x001 < | [ (6= 0) (X - X))o

< /0 (t— )| (X — X')()]do.

Now, using this in combination with Lemma 4.24 in (4.146) and Holder’s
inequality combined with the fact that since p > 2, its Holder conjugate
P’ < 2, which ensures that the L” ([0,t]) norm of t — - + (t —-)~1/2 is
finite in (4.147), for all ¢ € [0, 7]

h(t

{ (t- o+ o= )1 = X9+ 16 = @l )

(4.146)
1
sel(e-s =),
L' ([0.1])
1
cht—-Jr hl/p NTC/ o)do, (4.147
= I L )

where C' = C(|[¢]lco(0.7;2), 1¥[lco (0,7, 2)) 1s from Lemma 4.24. Now,
using Gronwall’s inequality (A.15), we obtain A < 0 on [0,7]. Since
h > 0 too by definition, and h(0) = 0 since X(0) = X'(0) = X° and
¥(0) = ¢'(0) = %, we get h = 0, by which (X,¢) = (X’,+'). This
completes the proof. O



Chapter 5

Towards existence of weak
solutions for 1 < ¢ <5/3 and
A <0

In this chapter, we show, under a conjecture on convergence, results
towards global-in-time existence of solutions to a weak formulation of
the original system

N,
. nuc Z 1
iy = —3 D0ty — Z| N wk+<| *p)wkﬂpq "k, (5.1a)
N,
. ZK[ v — Xk Xy — Xp, ]
X = dr + Z 5.1b
K My ‘$—XK‘3P( ) o g;éK L‘XK XL|3 ( )

in the setting of the Sobolev space H! for the Kohn-Sham wave functions
1. We obtain this result in the range of exponents 1 < ¢ < 5/3 in the
pure-power exchange term within the generalisation of the local density
approximation, which includes the physically relevant value ¢ = 4/3, and

for the case of a negative sign for A = —|\|, which also corresponds to
the value in the original formulation of the local density approximation
(3.1).

In Section 5.1.2, we derive estimates for several terms in the total
energy. Eventually, we bound the H! norm of the Kohn-Sham wave
functions ¥ by an expression involving the total energy and the elec-
tronic charge.

In Section 5.2, we apply a Galerkin-type method, based on the vari-
ational formulation discussed in Section 3.3. We prove existence of solu-
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108 5. Towards existence of weak solutions for 1 < g <5/3 and A <0

tions (w”,X") in the space Cl([O,T]; Hl) X CQ([O,T];R3N‘1‘1°) for arbi-
trary 1" > 0 to the truncated system of order n € N

(ng( ) <by)LQ = %(wag(t)’ vx¢V)L2+
Nnuc n x/ B
( 2 xp o [ 4 v - )" lww),df) |

LQ
(z — X7(1))
| — X))

X}‘{(t)-Y—ZK/p(t,:r) x-Y

Nnuc n _vn
LK | X7 (1) = X7 (1))

P™(0) = 0 = Zak L €W, (X™(0),X™(0)) = (X, V) € R6Nwwe,
v=1

Here, Y € R3, and the approximated solutions 1" of order n € N are of
the form

n
p(t) = Zagy(t)gb” € span{gb”}::l c W,
v=1
with a , time-dependent scalar coefficients of class C! in C and ¢” the

(orthonormal) eigenvectors of the eigenvalue problem —A,¢-+|x|?¢ = E¢
on x € R3, which form a basis of the Hilbert space

W= {¢ € Hl(R3)‘ / z|?|p(z) [Pdz < oo}.

For these approximate solutions, we also prove conservation of total en-
ergy and charge.

In Section 5.3, we perform a convergence argument in the limit n —
00, using the following conjecture.

Conjecture 5.1. Let T > 0 be arbitrary, and let {w”,X"}neN denote
a sequence of solutions of (5.19). Then, for all K =1, ..., Ny

T ) o
/0 /\;U—)(W[Wn(t>$)’2 — [¢(t, 2)[*]dzdt “—= 0.

Using this conjecture, we arrive at the following existence result on
weak solutions. Here, L2L? = L2((0,T); L*(R3;CMe)) and L*H' =
((0,T); HY(R3; CNet)); see also Appendix A.2.
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Theorem 5.2. Let 1 < ¢ < 5/3 and A < 0. Further, let ¥° € W, X° ¢
R3Nme /0 ¢ R3Nwe gych that X% # X9 for 1 < K # L < Nyye. Let
T > 0 be arbitrary. Then, there exists a pair

(1, X) € L*([0,T); W) 0 L2 ((0,T); H' (R*; CNet)) x CO([0, T]; R3Vewe)
which solves (5.1) in the sense that for all

ve L*([0,T); HY(R®)) n H'([0,T); L*(R%)),

Y € C2((0,T); R?),

(1, X) is a solution of the initial-value problem

N,
‘ ) nuc Z
(i) s = ;<vwwkavwv>w+< I
K=1 K
dxw Arpq—lwk,v)  (5.3a)
| 1212

T - . QT—XK(t) )
/0 Xpe(t) - V(t)dt = /0 Zx / plt. ) s e Y (0

7 Nove Xpe(t) — X1(t)
A o o i

(5.3b)

¥(0) = v, X(0) = X°, X(0) = V°. (5.3¢)

The proof of the above result combines estimates on terms in the total
energy with (mainly compactness) properties of W and the approximated

solutions to the truncated system.
See Appendix A for the definitions of the notation we use.

5.1 Preliminary results

5.1.1 Notes on the Poisson equation

The material in this section is adapted from [Mer22]. Note that the
results in this section are formulated for real-valued functions, but can
easily be generalised to complex-valued ones.

Proposition 5.3. Let u € LIOC(RN), N > 3, such that

2
// /|N 2 d;ndx’<oo.
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Then,
1 2
bu = WQ *U

is the unique weak solution to —Ay¢ = u? in D2 (RN). Moreover, it
holds that

u(z)]?[u(a”)]?
Here, w = (N — 2)u(SN71), with p(SN~') denoting the volume of the
unit sphere SN~ in RN,

Proof. For simplicity, we consider N = 3, with w = 47. First, we show
uniqueness of a possible solution. Suppose there are two solutions ¢1, ¢s:

then,
—A,b1 = u?
{ Azl Y in DR(R).
—RzP2 =1U

Subtracting the two solutions, we obtain

/|Vx(¢1 — ¢o)(x)]?dz = 0.

Hence, by Sobolev’s inequality, ¢1 = ¢o.
Also, we observe that the identity

w(x)?[u(z))?
6ulfyrs = [ uluto)Pas = [[ de/

easily follows testing —A, ¢, = u? with ¢,.
We are left to show that ¢, € D?(R?), and that [ V¢, V€ = [u*¢
for all £ € D2, We break the proof into several steps.

Step 1.
Set

fn = min{“? n}X{|z\<n}
We note the following:
1. f, has compact support,

2. fn is non-decreasing,
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3. fn /" w almost everywhere,
4. fn € L™®(R3).

We then claim that

! 2
oute) = [ BT g

4|z — |
is such that
/(bn x)dx = /[fn(x)]2§(a:)da: (5.4)
for all £ € C°. Moreover ¢, € Ct and ||¢, | pr.2 < C for all n.

In fact, (5.4) follows by [LLO1, Theorem 6.21], from which for all
j=1,2,3

0j0(a) = [ 3Gl P,
where for all j =1,2,3
1 1 z—2
Gx/(.'lf) = m, a]Gx/(x) — _EM7

and

/ G (2) A () = —E(x)

for all ¢ € C2°. By property 4. of f,, and [LLO1, Theorem 10.2], ¢,, € C*.
Moreover,

/|v’”¢"($)|2dx:i/@'?f’n(x”)’?dm"
— g/[/;ﬂ \;: :U//‘?,[fn( N*d ] [/ 417r |i// _33 [fon(2)]2dz | da”

/ [fn(z) / / R Pdm”dz"dx.

Using the substitution w = x” — 2/, the last integral in the expression

/ 1 1 d
Wl lw—(@—a)2

above becomes
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By [Lan72, p.45], it follows that

/1 1 w C
Wl o= (z =) o — 2]

for some constant C' > 0. Hence,

/wwmﬁm;ﬁW%@ﬁWMM

is the claimed uniform bound.

Step 2.
Since {¢n tnen € D2 is uniformly bounded in D2, ¢, — ¢ € D2
by Banach—Alaoglu.
We claim that
1 2
O =y = m us.
Indeed, by [LLO1, Theorem 8.6, ¢, — ¢ in L} | p < 6 and a.e. Hence,
by monotone convergence,
! 2
o [T,
Ar| - —a!|
almost everywhere, and we can conclude our claim by uniqueness of the
limit.
Roughly speaking, the sequence {¢n}neny approximates ¢, weakly
in DY? a.e., with ¢, € D'2.

Step 3.
We claim that

[ Vel Vatloyds = [futa)Pe(e)da
for all ¢ € DY2. Note that [ V¢, (2)Vi€(x)dr = [[fn(x)]?¢(x)dz for

all &£ € C°. Indeed, as £ € C° by Fubini, integration by parts and by
—A,Gy = 0, we have

/ﬁmmwv&@m=/§X/@@mwwm%w@wa
j=1

— [ ([ Go)-at@)ae) 1P
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From this, [Vi¢n(x) - Vi€(z)dz = [[fn(x)]?¢(z)dx follows for all
¢ € CX. Hence, since ¢, — d)u we have fvxqﬁu( ) - Vi€(z)de =

[[u(x)]2€(x)dz for all € € €. Since D12 = 0V =126 yote that
[ Vi (2)Vi€(z)de = [[fn(z)]?6(z)d holds for all £ € D12,
Pick &; b2, &. Since it holds that

/W%uwwamuzﬂwm%mw

and that [ Vy¢y(z) - Va&i(z)de — fogbu z) - Vy&(x)dz, we are left
to show [[u(x)]?¢(z)dz — [[u(x)]?¢(x)dz. We prove that & —
JTu(z)]?¢(z)dz is a linear and contlnuous functional in D*2. To show
this, we test —Ay¢, = f2 with |&;| € DY? (which is an admissible test
function, by Stampacchia’s classical result): this gives

/W@FWmez/V%M%%MMMMSWmmﬁWMm

Hence, by Fatou’s Lemma, as n — oo

/@@W&@WﬁéﬂV@hz

Hence, by Fatou’s Lemma again and the fact that §; — £ as ¢ — o0,
we have that

| [lute)Pe(w)da] < [ [u@Ple@lds < clél o

which completes the proof. O

5.1.2 Energy estimates

In this section we derive several bounds for various terms in the
total energy with the range (1,5/3] for ¢, and a negative sign for .
Eventually, we arrive at a bound for ||[¢g|| 1 in terms of the total energy
E[X, ] and the electronic charge ||¢|| 2.

First, we derive an estimate for the Coulombic electron-nucleus
interaction energy.
Set

Vil€](z) == — for &,z € R?

Zk
|z = ¢
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and write Vi = Vll( + Vf{, where

Viel€l = Vkllxne, VR = VI - xBe)-

Here, X p(¢) is the characteristic function of the unit ball in R3, centred
around £. For any fixed &, set

hiclé] () = min {VEE]() — 1,0} <.

Lemma 5.4. For any € > 0 there exists p. < 0 such that for all p < .
and k it holds that

sup HhK[d”L3/2(R3;R) <eE. (5.5)
£eR3

Proof. Setting E,[¢] = {z € R* : Vi[¢](z) < p} and using polar
coordinates centred at £ for some uniform computable constant C > 0
independent of X € R? and K, note that

Il s oy = / (1= ikl (@)]**da < / [~ Vi@ de

E, E,
= COlp|73? /=, 0.
This concludes the proof. O

Lemma 5.5 (Lieb-type bound). Fiz X € R3Vmue  Let o) € H'.
For any € > 0 there exists pe < 0 such that for all p < pe it holds that

NHUC
-3 ZK/’)(‘”)dx > —5/|Vx¢(x)|2dx
K=1 @ = Xl
NI!UC

+ (1oe = > 25 ) 1012
K=1

Proof. By Lemma 5.4, for any € > 0 there exists pu. < 0 such that for all
< e

Nel
Ik [X]plls < 1Pk [X]llgsn Y 1R s
k=1

1 Nel
< gllXllian 3 [ Vavet@fan < < [ 19000
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Here, we also used Hoélder’s inequality (A.5) and the Sobolev inequality
(A.8) on H'(R?) with Sobolev constant S3 = 3(w/2)*/3. Further, by
definition of hx[X],

NDHC N“LlC
Z (Vi p) 2> Z (hx[X], p)r2 + uNuellpllL1- (5.6)
K=1

for all 4 < pe. The result follows by definition of V2. O

Remark 5.6. Note that the bounds in Lemmas 5.4 and 5.5 are inde-
pendent of the parameter q.

Now, we bound the term

A ,
- / [p())1d

which is the absolute value of the exchange energy in our generalisation
for the local density approximation, for the range ¢ € (1,5/3] and A # 0.
Note that the range for ¢ contains the physically meaningful value ¢ =
4/3.

Lemma 5.7 (A Sobolev inequality). Let ¢» € H'. Let ¢ € (1,5/3).
Then, we have for all € > 0

3(q—1)

A S 3 23—q)
||/ @i << [ 9.0 dxwelaqs(ﬂﬂf) s

Here, S3 = 3(m/2)*/3.
Furthermore, if ¢ = 5/3, we have

3|A| /3 3|A| N2/3 4/3/
2 <
2 [ ptaPan < SNl [ 1Vab()Pd

Proof. Let k € {1,..., Ng}. By interpolation, we have

1—
vkl z2e < Il gs ol 2"
as long as

=8 e

[\)
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This gives = 3(q — 1)/(2q), with 1 — 5 = (3 — q)/(2q) for ¢ € (1,5/3].
By Sobolev’s inequality (A.8) on H'(R3), convexity, Young’s inequality
for products (A.14) with exponents 2/(3(¢ — 1)),2/(5 — 3q) > 1 for
q € (1,5/3), we have for all € > 0

A
| ’/ Jode < qu 1Zuw 12,
3(Q;1)
q 1 \VA 3(g—1)
. Z(\A!N‘l ) Vbl

g 3(q2 D)
€403
X (qul) k172 (5.7)
€
3(g—1)

5(]53 ~ 5—3¢q 2(3—q)

< €|Vx1/}\|%2+(’)\|qu_1> 1l
e

If ¢ = 5/3, we reduce (5.7) to

3|\ 3|\
2L [ ipproar < 221N, 2/3Z||vxwkuguwk||4/3

3|>\| 213 4/3/
55 [l |Vaip()Pdz,

| /\

by which the result follows. O
Now, we arrive at an estimate on the total kinetic energy.

Lemma 5.8. Let A < 0, and q € (1,5/3]. Furthermore, let T > 0 be
arbitrary. Let X € C'([0,T]) and ¢ € C°([0,T]; H).

For 1 < q < 5/3, we have the following result. For all 0 < e < 1/4,
there exists pe < 0 such that for all p < pe it holds that for all t € [0,T]

Nnue

8y Ml X + [ 1900000 <
K=1
1 Nnuc
< B )+ (3 2= o) W00

3((1*1)

£qS3\ Hi 2(3-0)
w8 () T s |
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For q =5/3, we have the following result. For all0 < e < 1/4, we have,
provided that

3|
5|53|Ne12/3!¢(t)\li/23 <e foralltel0,T], (5.8)

the following. There exists pe < 0 such that for all p < pe it holds that
for all t € [0,T]

Nnuc

8y Ml + 4 [ 1Vavito)Pds <
K=1
1 Nivue
< ToE{ O+ (KZ:lZK — 1w ) [(8) 2 .

Proof. For 1 < q < 5/3, by Lemmas 5.5 and 5.7, we bound for all
0 < & < 1/4 the total energy (3.14) by

E[X,¢] >
NDUC 2 NDUC Z Z
. KZL
>3 > Mg|Xg|"+ (3 - 26)/|wa(w)l2dfv+§ > Xr — Xz
K—1 Ki—1, K L
L#K
/ Nnuc
p(x)p(x
w3 [P dras (e~ Y, 26) 1012
K=1
3(g—1)
3_(eqS3 345 23-9)
- N () (5.9)
For ¢ = 5/3, the proof is similar. O

Now, combining the above results, we arrive at a bound on the H!
norm of the Kohn-Sham wave functions v, k = 1,..., Ng, for both
cases of the range for q.

Lemma 5.9. Let A\ < 0, and ¢ € (1,5/3]. Let T > 0 be arbitrary.
Furthermore, let ¢ € C’O([O,T]; Hl).

For 1 < q < 5/3, we have the following result. For all 0 < & < 1/4,
there exists e < 0 such that for all u < p. it holds that for all t € [0,T],

2(3—q)

W) |3 < aB[X,9](t) + Blvd)][72 + Al @))% > (5.10)




118 5. Towards existence of weak solutions for 1 < q¢ <5/3 and A <0

with
Nnuc

2 2
- , =1 7(5 Zi — ul, )
R — P +1—4e ] K A

9 S\ 55
3 Eq 3 —3q

— % N, s (3 .

VTt <]/\|>

For ¢ =5/3, we have the following result. For all0 < e < 1/4, we have,
provided that (5.8) holds, the following. There exists pe. < 0 such that
for all pn < pe it holds that for all t € [0,T]

()2 < aBIX,9](t) + Bll(t)][3.

Remark 5.10. Note that this bound is uniform in time, and independent
of the length of our time domain 7.

Proof. Lemma 5.8 implies the bound for |[V,4(¢)[|2, on [0,T], and the
result follows. O

Remark 5.11. Note that (5.8) boils down to the condition that
%NeIQ/P’HwOHi/QS < ¢ if ¥ enjoys charge conservation. Also, note that
whenever we mention the bound (5.10) in the remainder of the thesis,
we tacitly assume that this condition is met for the case ¢ = 5/3.

In Appendix B.2, we derive similar estimates for the region ¢ €
(1,3/2), which also includes the physically meaningful value ¢ = 4/3.
Note that the eventual H' bound there is linear with respect to the
total energy and the electronic charge, while the bound for the region
q € (1,5/3] is only linear with respect to the total energy.

5.2 Global existence of approximated solutions

Define the Hilbert space
W= {¢ e H (R3)‘ / |z[2|p(z) [2dz < oo} (5.11)

equipped with the norm

163 = ll6]2: + / 2]?|6(x) Pz
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and the inner product

(61, p2)w = (P1,02) 1 + (| - |#1, | - |#2) 2

We will study the Cauchy problem for our original system (5.1) with the
initial conditions

X(0) = X0 € R¥™we with X9 # X9 for K # L, (5.13)
and X(O) _ VO e RgNnuc’ (514)

To this end, we will apply by a Galerkin approximation method, in-
spired by the Hilbert space W and the evolution equation (3.13) in the
variational formulation.

First, we state some results on the Hilbert space W.

Lemma 5.12. We have the compact embedding W — LP(R3) for all
2<p<6.

Proof. Let F be a bounded set in W. By [Brell, Prop. 9.3|, we have for
all p € F

170 — ¢ll2 < Al V2ol < [R]l|6]lw < Clhl,

where 7y, is the translation operator (Tpu)(z — h) = u(z). We also esti-
mate for M >0 ¢ € F

< — < — WS —.

By the Riesz—Fréchet—Kolmogorov characterisation [Brell, Cor. 4.27| the
set F is compact in L?.

This result can be extended to p € (2,6). For such p, let 8 € (0,1) be
such that 8/2+(1—6)/6 = 1/p. We prove sequential compactness; let ¢y,
be a bounded sequence in W, and assume without loss of generality that
¢n — ¢ in L? by the previous argument. Now, we bound by Hélder’s
inequality (A.5)

po/2 p(1-6)/6
<[ [16n@) — s@Pas] ™[ [ fon(e) - s(@)tac] ",
of which the first factor tends to zero by the just proven result. As

the second factor is bounded by C' by Sobolev’s inequality (A.9), the
left-hand side must tend to zero too. O
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We now follow a classical construction, as in [LLO1, p. 277 ff.]. Define

EN = ll’lf{”qﬁ”%v‘d) S VV; ||¢||L2 = 17 (¢7¢V)L2 = an = 07"'7N_ 1}

Remark 5.13. Note that by Lemma 5.12, the infimum F is attained by
some ¢ € W with ||¢n||z2 =1, (¢N,¢V)L2 =0forallv=0,...,N—1.

In the following, we argue as in e.g. [Jos05, Theorem 25.2, p. 362].

Lemma 5.14 (The harmonic oscillator on R3). The eigenvalue problem
—Dsp+ |2’ = Eg,  weR’,

has countably many eigenvalues with corresponding orthonormal vectors
@”, such that for all p,v € N

((bua ¢V)L2 (R3;C) = 6MV7
D d¥(2) + |2|*¢" (x) = By¢¥(2), xR’
(¢M7 ¢V)W = Eu(s;w-
The eigenvalues E,, are all positive, and

V—00
b, — oo.

For any ¢ € W, we have

oo

o= (6.0") 20",

v=1

where this series converges in L?.
Moreover,

= Z E, (¢7 gby)iz
v=1

and

n

6= (6,0") 20" =20 inW. (5.15)
v=1
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Proof. The proof follows from mild modifications to [Jos05, p. 362, The-
orem 25.2|. In particular, (5.15) follows from [Jos05, p.364]. O

Remark 5.15. Note that from Lemma 5.14, it follows that
[o.¢]
v — {v c W’v - ZCV¢V,CV c C} =W,
v=1

being the completion of W under the norm on W of linear combinations
of {qb”}y C W. This means

n
0
1

n—- 00
— 50

w

Furthermore, note that {gb”}iozl forms a basis of W, which is orthonor-
mal in L2

Using the above results on the space W, by which we know that every
element of W can be expressed as a (possibly infinite) linear combination
of {d)” }V ey We want to describe the Galerkin-type approach we follow.

Note that the components of the initial condition ¥° € W in (5.12)
can be written for all k = 1,..., Nq as linear combinations

= a,e", (5.16)
v=1

with the scalar Fourier coefficients
ag,y = (¢]9;7 ¢U)L2(R3;C)) (517)
for which, by Parseval’s identity, it holds for all k =1,..., Ng

o0

Z ‘ag,v‘Q = ngui?(mcy (5.18)

v=1
Now, we fix n € N. Recall the evolution equation in variational form
(3.13). For all k € {1,...,Na} and v € {1,...,n}, we do the following.
We set the entry v, = ¢V € HY(R?), with ¢ € W as in Lemma 5.14,
and {Eg =0for1 <€ +#k < Ng. Also, we put X = P = 0. Note that
we perform this process n times, with n being the order of truncation.
Furthermore, we set ¥ = ", with elements

YR(t) =Y ap,(t)¢” € span{¢”})_ C W,

v=1
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with @, time-dependent scalar coefficients of class C! in C and
#',...,¢" as in Lemma 5.14. Then, the evolution equation (3.13) yields
the approximated time-dependent Kohn—Sham equations, which are Ngn
equations, given in (5.19a).

Similarly, we do the following for all K € {1,..., Nnuc} and j €
{1,2,3}. In (3.13), we put Xxg = e; € R3, with e; = (1,0,0),e3 =
(0,1,0),e3 = (0,0,1) the unit basis vectors of R3, and X, for 1 < L +
K < Npye. Also, we put v = 0 and P = 0. Then, we obtain the
approzimated classical-mechanical nuclear equations (5.19b). Together,
we obtain the following system of equations:

(W (1), 8" 1o = LVt (1), Vad”) 12+
Nnuc n
(—Z, & ,wk<>+/” “) gl (t) — |A|[pn<t>]q—wg<t>,¢v) ,

K=1 ‘ ’ "
(5.19a)
.. PECRt.s ) P S PP« LUES iU
XK( ) ZK/ (t )‘x_X?((t)‘Sd +[;(ZKZL‘X?((1€)_XZ(1€)‘3
(5.19D)

fork=1,...,Ng,K =1,..., Ny and v = 1,...,n. Note that in this
coupled system, the elements )" generate elements X™ = X"(t), X" =
X™(t) in the finite-dimensional phase space R3Nme . Writing the short-
hands w := (X,X), w" = (X”,X”) and w? = (XO,VO), we rewrite
(5.19) to an autonomous first-order system of ordinary differential equa-
tions in terms of (a”, w"), which is in a reduced form. Here, we choose
as initial conditions

Y(0) = "0 = Zak Lo ew,  w(0) =w" e RONme  (5.20)
v=1

Using the orthonormality of ¢!, ..., ¢", we obtain the following Nen +
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2Ny equations:
n

;Zagy /v ¢ (2) - Vooh(z)da

Nnuc n

n (2)9"(z) ,
+1 Z 2K VZak’V W dx
Z ay,,, (£)¢" (x) ¢+ ()
I/:]. /
//k/z:1 V/z:lak/ v (z') o~ ] dz'dz
Hin [ S e @) Za,w )6 ()67 (@)
B (5.21a)
Wi (t) = w%wm (1), (5.21b)
Hm — W (t al - n 1/
o) = 1| [ S [ St e
N,
wi (t) —wi(t) }
+ ; (5.21c)
L= 1§L:¢K ‘wK(t) wy t)|3
ap,(0) =ap,,  w"(0)=uw’, (5.21d)

with the initial conditions as in (5.17) and (5.20).

We arrive at the following conservation results for the approximated
solutions (X™,¢") of (5.19).

Lemma 5.16. Let g € (1,5/3]. Let T > 0 be arbitrary. Let (¢™, X™) be
any solution of the system (5.19) with initial conditions (5.20) on [0,T].
Then the electronic charge and total energy are conserved quantities in
time: that is, for all t € [0, T

lor@llze = 197 E[X™ 9" @) = BIX" 0| (5:22)

Proof. Charge conservation.
We write for all k € {1,..., Ng}

15 (R112) = Re [ G @i (5.2
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Multiplying (5.19a) with aj,(t) and summing over v = 1,...,n, we
identify (5.23) with the imaginary part of only purely real integrals, so
equating zero. This gives charge conservation.

Energy conservation.

Similarly, we multiply (5.19a) with iy, () and sum over v = 1,...,n
again. We then have the imaginary part of a purely real 1ntegral at
the left-hand side, so zero. We also take the dot product of the nuclear
equations with —%XI”( andsumover K =1,...,Nyycand k= 1,..., Ng.
Note that since " is a finite sum, [ }Vﬂ/}"(t,x)Fdx is a second-order
polynomial in the coefficients ay, (t), which are C! functions of time
by construction, giving the needed summability to perform the time
differentiation. This ultimately gives, using calculations from the proof
of Lemma 3.3,

d 1 o N 2
- a(z Z MK‘XK(t)’ ) =
_d: n(t. o) 2de — 1N tvf’f)
anlC anlc

VA
EDIEDD \X" (H) - Xp(0)]

K=1IL=1 L;éK
i// |$_$,’ /)dmdx’—‘%‘/[ﬁ’n(tvﬂ?)]qu] (5.24)

which is equivalent to

(B[x"9"]) =0

1
2

&~

In other words, we have conservation of the total energy of the pair
(X7, ym). O

Note that we write the system (5.21) as (a™,w™) = F(a™,w"), with
- R2N01n+6Nnuc SN R2Ncln+6Nnuc given by
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e its first 2Ngn entries

— ;éaz’y / Vao@"(z) - Vyopt(x)de
N, n ——
e n [ ¢ (x)9H ()

+ZKZ::1ZK;%’V/ ‘x—wrf(‘ dz

2 -

)| 2= ai, 9" @)k (x)

x

, Zgil ’ Y-t aZ',u/¢V/ €4

B // o —
Nei
+ |\l / ( 3

dz'dx

'
n

S ap @) S e @,
v=1

=1 v/=1
(5.25)
p=1....nk=1,..., Ng,
e the next 3Ny, entries
W4 Ny (5.26)
for K =1,..., Nnye,
e and the last 3N, entries
o Na o m
]\ZJ[;( [/ \;— 5;;3 2 | ;a’fivqﬁ“@fdx
T PG =i wi], (5.27)
L=1,L#K |w% - w2|

for K =1,..., Nnuc.

Note that due to the nature of the system, we regard the function
mapping the space R2Nent6Nue to jtself by splitting the first Nn
equations in their real and imaginary parts, with seeing ap, as
(Re ay, ,,, Im agy) € R2. We use this isomorphism.

Since the nuclei are at different initial positions, we perform the
following argument, in which we regard w taken as a macrovector in an



126 5. Towards existence of weak solutions for 1 < g <5/3 and A <0

open ball in R6Noue,
We set

§(w’) =1 ISKEE]%NDUC lwi —wi| > 0. (5.28)

This defines the radius for the open ball centred around the initial con-
figuration w® € R6Mwe | ywith wY #wd for 1 < K # L < Npye:

B (1) = {ur € ROV

w" — wo‘ < 5(w0)}. (5.29)

Then, by the triangle inequality, for all w € Bg‘(wo)(wo) and 1 < K #
L < Npjue, the nuclei are always bounded way from each other in the

Euclidean distance on R?, as we bound their distance from below: for
aHlSK#LSNnuCa

|lwrx — wr||gs > 1§K/;énLilmgNnuc Hw(}{/ — w%/ RS — 2Hw — U’OHRGNMC
> min Hw?(, —w?, RS — 26(w”) =26(w’) >0.  (5.30)

T 1<K'#L <Npue
This way, we avoid singularities for the nuclear positions.

Lemma 5.17. The function F as defined by (5.25)~(5.27) is continuous
with respect to its arguments (a”, w”) on the domain RQNQI”XB(?(MO) (wo),

Proof. We will discuss two terms in the entries of F' in more detail. First,
we consider the second term in (5.25). Since it depends on a™ only outside
the integrals and in a linear sense, we restrict ourselves to dealing with
the w™ variable, and consider a bounded, pointwise-converging sequence
w™™(t) 2= wn(t) for all t; extension to a coupled sequence involving
both a™ and w™ is then trivial. Consider the mapping

y— Glx1, x2](y) == /de

on R3. If x1, x2 € O (R3; (C), G[x1, x2] is a continuous mapping in the
topology of R? by elliptic regularity theory. (See e.g. [LLO1, Thm. 10.2
(ii), p. 260]), and [Bau+20| for more details on this mapping.) Now, we
approximate the functions ¢* € H* (]R3; C) for v =1,...,n, by function

1(pR3
sequences {(bg}aeN C C°(R3) such that for &« — oo, ¢¥ H®), v
(Note that the products ¢%¢h are elements of C¢°(R?;C) as well.) We
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have for all K =1,..., Npuc

|G[o", ¢"] (wi™) = G¢", ¢"] (wk)| <

<|Gle", "] (wi™) — Gleh, o] (wie™)]
+ |G g5, a] (wi™) — Gld5, 64 (wi)|
+ |G o5, o) (wk) — Glo, "] (wi)]-

Now, the first and the third term on the right-hand side go to 0 for

a — oo using Hardy’s inequality (A.4) together with the fact that

1 3
oY 2R, ¢”. The second term goes to 0 for m — oo for all @ € N

as G[ - Xﬁ] is continuous in the topology of R3. By this, the left-hand
side also goes to 0 for m — oo, which concludes the continuity of the
second term in (5.25).

Secondly, we consider the first term in (5.27). Note that the de-
pendence on a” is quadratic, yet inside the integrals; by expanding the
squares we place it outside, and again restrict ourselves to dealing with
the variable w™ only. The expansions are in terms of the mapping

y+— Dlx1, x2](y) :=

on R3, and we conclude the continuity of this term fully analogously as
above for the mapping D.

The third and fourth term in (5.25) can be treated using the dom-
inated convergence theorem for a bounded, pointwise-converging se-
quence a” in R?Ye", The second term in (5.27) is continuous in the
topology of R%Vmue on By (wo) (wo) by definition: see (4.53). The remain-
ing terms in the entries of F', viz. the first term in (5.25) and the term
in (5.26), are linear in a" resp. w"™. We conclude the proof. O

Lemma 5.18 (Global existence of solutions to the truncated problem).
For all fixed n € N, there exists a solution (a", w") defined on the entire
half-line [0, +00) to the Cauchy problem (5.21).

Proof. Part 1. Ezistence.

We consider F on the domain R2Ver” x ng(wo) (wo). Since F' is continuous
on this set in the topology of R?Nem+6Nuue by Temma 5.17, by Peano
existence theorem, we know there exists 7T}, max > 0 such that there
exists a local solution to the Cauchy problem on [0, T}, max)-
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Part 2. Boundedness of F' along solution trajectories.
From part 1, we know we have a solution on a certain non-trivial time
interval. We first can prove that F(a"(t),w"(t)) remains bounded in
the according trajectory (¢,a"(t),w"(t)) on that time interval. We
bound the absolute value ‘F (a™(t),w™(t))| taken in RZNent6Nme fy
the absolute value of all separate entries in R, using the triangular
inequality. Furthermore, we use the conservation of charge and energy
for the approximated solutions (wn,X”) as proven in Lemma 5.16,
together with the Coulomb—Sobolev bound as proven in Lemma 5.9 for
", as it solves the original approximated TDKS equations.

For the first entries of F(a™(t),w"(t)), we first note that, using
Cauchy—Schwarz, the modulus of the first terms can be bounded for
al u=1,...,n by

Vo @)V (@)da| < Z\ Vati (1), Vad") o]

Nl
lZ
2

k=

< Z IVatkll [ Ve || 2 < 10" Ol V2072

k=1

and the modulus of the second terms, using Cauchy—Schwarz, Hardy’s
inequality (A.4) and orthonormality of ¢!, ..., ¢", similarly by

R D laku ¢ () (x)
KZ:IZK/ (t)} dz| <
Nel Nnuc

<cy > - OO

k=1 K=1

k=1

Ne1 Nnuc
el N S o e o1 [
k=1 K=1

< QCNnuchmwn(t) < 2CNHUCH'¢n(t)

.2 s

where C' is independently of w™.

For the third term, we apply the Hardy—Littlewood—Sobolev inequal-
ity (A7) with o =1,n=3,p=r=6/5, and f = 2156:11 !1/12,@){2,9 =
Ypor. Using this together with Holder’s (A.5) and Sobolev’s inequality
with interpolation in Corollary A.8, we bound the modulus of the third
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terms as

el

Yo e S S0 (06 @)
> //

|z — |

LA, (0 (@) )
da'dx| =

Sl v (2 \ YR (t, x) ok (x)

|z — 2|

C[/ (3 o) a3 f okt o]

k'=1 k=1

dz'dx

< Z Hwk’ HL12/5 R3;C) Z Hwk HL12/5(R3 (C)H¢ HL12/5(R3 ;C)

k'=1
S C//‘

g P

The modulus of the last terms can be bounded, using that g € [2,6)
together with the generalised Holder’s inequality (see (A.5)) with d = 3
and exponents p; = ¢/(¢—1), p2 = p3 = 2q and f; = [Zgil W;?/ ] ,

f2 = Y(t), f3 = ¢#, and Sobolev’s inequality with interpolation in
Corollary A.8 by

Nei

> a6’ @] Y ok 00 )P <
v=1

k’ 1 v'=1
e _ 2 Nel
< Co\ S @SSP ST O ol 6] 20
k'=1 k=1

2
< Gy [ @5 6

For the other entries of F'(a"(t), w"(t)), we apply a Grénwall argument
based on nuclear repulsion just like as in Section 4.4. Writing

Nnuc

=13 el
nn )
NﬂllC
VA A
1
Wonlw) =3 D foup
K=, 1" K L

LK
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we have, as w" satisfies (5.19b),

d . B
& an ()] 0) =
Noue
= Z (Vg Hom (W™ (1)) - Wiy vy ()
K=1
+ va+anlc Hon (wn (t)) ’ w?{-s-Nnuc (t)]
Noue
— Z Wy () A Ve [Wan (W™ (1))] + Mgy (£)}
N, Ne1
N 2K (w2
3 w0 (T S 0P
N““ 1 n 2 n =1 n
< Mﬂwmzvmw(t)\ +Zk ||| - —wik ()] R (O] ]
K=1
Nuwe
< Hum +8Z Zic <ot O3 < Hun(w"(6) +C,  (5.31)

by which, using Gronwall’s inequality (A.15), on [0,7}, max], Wwith
Ty max > 0 denoting the length of the time interval on which the so-
lution we found in part 1 exists,

Hon (w"(#)) <

Nnuc NnuC nuc

2K
< Lelnmax Z MK‘VI%‘Q + Z ’XO XO‘ +16 Z H¢ i
K=1 K,L=1, L
LAK
-8 z Z Jyr o). (>:32)

Here we used Young’s inequality for products (A.14) along with Hardy’s
inequality (A.4).

Now, the modulus of the second entries of F(a"(t),w"(t)) can be
bounded as

Nnuc
3wl ()] < COMYHan (w"(2)) 2,
=
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and the modulus of the third entries of F'(a"(t), w"(t)) can be bounded
(see Lemma 4.11, the proof of Lemma 4.20 and (4.53)) by

Nnuc H/‘ —w% 2 Z‘aku (x)}Qd:U
b3 g, wk i)

L=1,L#K ’“’K t) — U’L(t)‘g }
< C1|[Vat" (0)[[}2 + CaWan (w0 (1) < Cal|[o () 12 + CoMan (w" (1))
where C4,Cs are independent of w". Altogether, we bound
‘F(a”(t),w”(t)) , using (5.10), on [0, T}, max) s
|F(a™(t), w"(£) | Sgn
S {W( Wi+ (1 Ol + [0 @1 + [ @52 )

S 16 s+ Han (0 (0) 72 + Ao (07(1) }

p=1
< O (. M (" (1)), 17 (8| 1)

Note that we have the conservation of charge and energy as proven in
Lemma 5.16 for the approximated solution %™, and that it satisfies the
H' bound from Lemma 5.9, which also appears in the Gronwall bounds
for Hun(w™(t)). This ensures that |F(a™(t),w"(t))| indeed remains
bounded along the trajectory of the solution (a"(t), w"(t)) on [0, T, max]-

Part 3. Global existence.

The reasoning follows a proof by contradiction: we start by assuming
there is no global solution to the Cauchy problem. However, by
part 1 we know there exists a solution (a”,w”) on a non-trivial time
interval [0,7}, max). Our assumption then implies that this solution
is non-extendible: it cannot be extended beyond the finite end point
T max < +00.

We argue as in [CL55, pp. 13-15]. Remember that F' is continuous on
R2Nam Bis(w0) (wo) with respect to (a,w) in the R2Nent6Nnuwe topology,
and that by part 1 the Cauchy problem has a solution (a",w”) on a
finite interval [0, Tmax). Since |F(a™,w™)| is bounded by a constant
M < oo on [0, T}, max), the left limit

(af,wf) ;= lim {( w"(t))}

1T, max
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exists. This can be seen, as the integral formulation for ¢ € [0, T}, max)

gives for 0 < t; <t < Ty max

(" (t1), w" (1)) = (" (t2), w" (£2)) || gonerm omane <

to
< / 1E (0™ (), 0™ (#)) || g s omome A < Mty — ta],
t1

by which

t1 7t2 TTn,max
_—

(a”(tl), w”(tl)) — (a"(tg), w"(tg)) 0.
This implies by the Cauchy convergence criterion that the left limit exists
indeed.

Now, we extend the solution beyond the supposed endpoint of the
time domain 7, max, which will lead to a contradiction.
As for the solution trajectory (a",w") on [0, T}, max), it holds that for
1<K # L < Nye

‘w?((t) i w?/(t){ < Wnn(w”(t)) < %nn(wn(t>)7

which is bounded by (5.31). So, we know the nuclei stay bounded away
from each other on the time interval. Also, T}, max is finite; by this, we
consider a shifted Cauchy problem on a different open ball B (wf) C
R6Nnue - with ¢ = (w’:) = %minng;«ALgNnuc wf’K — wﬁﬂ. We know

(a:}, w:}) belongs to the open domain R*Ne" x By (wf), as F'is continuous
with respect to a™ everywhere in the R?Ne topology, and, as the nuclei
stay bounded away from each other, there are no singularities in w”™. So,
F is also continuous with respect to w™ on this new domain in the R6Vnue
topology. This shifted Cauchy problem reads

(ana wn) = F(an) wn) ) (an (Tn,max)p wn(Tn,maX)) = (afy w:) .

Now, we apply the Peano existence theorem on the shifted problem, by
which this problem has a continuously differentiable solution, which we
call (Zi”,fﬁ"), on [Ty max, Inmax + B) for some 5 > 0. Now, we glue
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the two solutions we found together, by which we obtain the extended

solution
t

Now, (@",@") solves the original Cauchy problem (5.21)—(5.21d) on
[0, T}, max + B]. Here, the only thing to check is existence and continuity

) = (a",w”) on [07Tn,max]a
) = (6", @n) on [Tn,maxa Tn,max + 5]

BRI

~
n

, W

~
n

, W

with respect to time at T;, max of the derivative (6", @n) We then must
have for all t € [0, T}, max + 5]

(@ (), (1)) = (a®, u®) + /O F@ (), @"(¢)df.  (5.33)

For t € [0, T}, max], this is treated in part 1. For t > T, max, (5.33) follows
from

(@ (t), w"(t)) = (af,wl) +/ F(a"(¢),w™(t"))adt,

Tn ,max

Tn,max
(a"w?) = (a°, u?) + / P@ (), " (¢))dt’
0

The continuity of (@", @") in (5.33) implies the continuity of F'(a", @");
differentiating the integral equation (5.33) then gives the fact that
-n -n —~

(@ (t),w (t)) = F(a"(t),w"(t)) for t € [0,Thmax + 8). Now, we have
proven that (Zi'”,ﬁ?”) is an extension of the solution (a“,fw") beyond
T max- This contradicts the maximality of T}, max. By this, 75, max has
to be equal to 400, and there exists a global solution to the original

Cauchy problem (5.21)—(5.21d). O

Remark 5.19. Note that since there is a global solution (a", w”), this
induces a global solution (1/}”,X”) € C’l([O,T]; Hl) X 02([0, T];R?’N““C)
for arbitrary T' > 0 to (5.19), for which the total energy and electronic
charge are conserved, as shown in Lemma 5.16.

Furthermore, by linearity, in (3.13), instead of an eigenfunction ¢",
v = 1,...,n, we could have chosen any generic element ¢, = v €
Span{gb” }Z:I for (5.19a), as v can always be expanded as a linear com-
bination

v(t,z) =Y () (x).

v=1
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Then, by linearity, separation of variables and integration by parts, the
resulting solution (1/1”, X ”) to those equations using v also satisfies the
weak formulation (5.3) in a weak sense, in a pointwise way. This implies
that the system (5.3) is solved with ™ € C*([0,T]; H') for allv € L*H",
where v can be expanded as above.

5.3 Towards existence of weak solutions

In this section, we prove the main result of this chapter, Theorem 5.2,
under Conjecture 5.1. To this end, we use compactness and convergence
results, partly inspired by [Sim86].

Lemma 5.20. For fired n € N and arbitrary T > 0, let Y™ be a solution
of (5.19a) on the time domain [0,T]. Then, its second moment

JER R
satisfies the bound
[t tnpar < [l [ 9 @lar
for all t € [0,T].

Proof. We have that

o[ [ laP1ot,a)Pda] =2 [ oPRe[57E 2 1, 0)

Since ¢" satisfies (5.19a), this is equal to

NI]U.C

o n , |z *[¢" (¢, =)
Re[z/m Y (t, ) Agth (t,:v)dx} +2Re[zK§:1ZK dx}

’.’L‘—XK’

~~

=0

— 2Re [z // |x|2p(t’x)p/(’t’$/)dxda:’} —2Re [z/\/ \x|2[p(t,x)}qu} .
=0

|lx — x

=0
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Using Green'’s first identity, we can write this as

;/ m2 [d’n(ta ) A" (t, x) — ¢n(t,x)A$¢”(t,x)]dx =
=5 [ 192 (P .2 V)

- Vm(]a:\Q@b”) (t,z) - Vaip'(t, )| da
= —i/x- [0 (t, ) Vb (t, ) — " (t, )V (¢, z) | dw.

By Young’s inequality for products (A.14), we get
o [ aP1un o) Pa] | < 2900 O] a1 1570

< Ve @72 + 1 e @]
The result follows by Gronwall’s inequality (A.15). O

Lemma 5.21. Let {wn}nEN denote a sequence of solutions of (5.19a).
Then this sequence enjoys the following bounds:

HwnHLOO((O,T);WNel) + HWHLOO((O,T);(W*)NEQ <C,

Here C is independent of n.

Proof. Since 9" (t) is an element of span{qﬁ” }Zzl c Whe for all t €
[0, T, it is an element of L> (0, T, WNe'). By Lemma 5.16, the total en-
ergy and charge are conserved. By Lemma 5.9, vaw“ (t) H 12 is bounded
on [0,7]. By Lemma 5.20, H] . |¢"HL2 is bounded as well. Together, this
yields the bound HwnHLOO((O,T);WNeI) <C.

For 4),,, we discuss the terms on the right-hand side of (5.19a) one
by one; if these four terms are elements of some space L>((0,7); Ej),
j€41,2,3,4}, then

" € L®(0,T; Ey + Ey + E3 + Ey).
For the Laplacian term, we know that for all ¢ € [0, T
A" (t) € H ' =: Fy.
By Hardy’s inequality (A.4), for the external potential term it holds for
all t € [0,77] that
v (1)

—r = c[?=: F,.
[ =Xk @]
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By Sobolev’s inequality (A.9), since for all ¢t € [0,T7], ¢"(t) is bounded
in H', we know that ¥"(t) € LN L? and thus p"(t) € L3N L'. By this,
|-|71 % p"(t) € LY, and the convolution term then, by Holder’s inequality
(A.5), for all t € [0, T

(|- I7hs o)y (1) € L =: Bs.

We know that for all t € [0, 7], p"(t) € L9, so ¢"(t) € L?. Further, we
know that as ¢"(t) € H', ¢"(t) € LP for all p € [2,6] as well. Now, as
q € (1,5/3], 2(2¢ — 1) € (2,14/3] C [2,6]. This gives for the exchange
term

|y (1] = [0 () € L? = By = B
Altogether, we have that ¢ € L®((0,T); E) for every n, with
E:=H'+L*+I°
Now, since W ¢ H', H~! = (H')" C W*. Indeed, for all £ € H~! and
¢ € W, we see that the product, since || - || g1 < | - |lw,

|18 @) | < Cliél -1l 9llw,

by which H~! < W* continuously.

Since L? = (L?)" and W C L? = E», and by Lemma 5.12 W C L3 =
FEjs, it follows that the terms Ey and F3 of E are continuously embedded
in W* similarly as for the Laplacian term Fj.

Eventually, we obtain for the right-hand side terms in the first equa-
tions in (5.3)

|(Vat, Vo) o] < ClVet" | 2lIVavll 2 < C'v]|

by the Cauchy—Schwarz inequality, and the fact that ||¢)"|| ;1 is bounded
by Lemmas 5.9 and 5.16,

<hf§%le§waWMMm§Cme

by the Cauchy—Schwarz and Hardy’s inequality (A.4),

K 2 'ﬁ W”>Uz jy \x—x s .
(// meﬂ P s ) (//wk |x—;rw®)“ﬂf>

< C‘Wk HL12/5H1/’kUHL6/5 < C/HW: HL12/5HU||L12/5 = C”HUHH1
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by [LLO1, Theorem 9.8], the Hardy-Littlewood—Sobolev inequality (A.7),
Sobolev embedding (Corollary A.8) and Hoélder’s inequality (A.5), and

("0 0) o] < [ o) 0@ < [0l
< [0 gallvlen < C" ol

by the Cauchy—Schwarz inequality and Sobolev embedding in Corollary
A8, as2q—1 € [2,6].

Eventually, since these terms define the right-hand side of the first
equations in (5.3), and (zzpk, ) 12> which defines the left-hand side, is a
linear continuous functional on H', this also implies the following oper-
ator norm is uniformly bounded:

(%)
’(Vz¢£,vxv)L2‘+8up o — X" ) 12

1/}” oo *)Ng S Sup
19" oy ey veH! [[0]l 2 veH? [0l 2
‘ ( d djk:? ) n,g—1,,n
b ”L)
+ sup |- - 22l | qup [(p UEsv) | <C.
vEH! |U||H1 veEH! [vll 1
and the second part of the statement follows. O

From the previous Lemma, the following compactness and conver-
gence statements hold, using results by Simon in [Sim86].

Lemma 5.22. Let T > 0 be arbitrary, and {w”,X"} be a sequence
of solutions of (5.19). The sequence {@ZJ"}HGN is relatively compact in
LPL? for any 1 < p < oo, and weakly compact in L°H"'. Moreover, the
sequence { X"} is compact in Cy([0,T]).

Together with this, we have the following convergence results:

P — ) in LPL? for any 1 < p < oo,
P — ) in L°H?',
X" X in L®(0,T).

Proof. Relative compactness in LPL?* for all p < .

We want to apply the Aubin-Lions-Simon Lemma [Sim86, Cor. 6], which
is stated for the Gelfand triple X < B < Y of Banach spaces X, B, Y,
with the embedding X — B compact as follows. Let 1 < q < oo.
Let the function sequence F = {F } be bounded in L7([0, T7]; )
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L .(j0,T7; )~() and the function sequence dF /0t = {ﬁ”}neN be bounded
in L] ([O,T};?). Then, F is relatively compact in Lﬁ(O,T; E) for all

loc
pP<gq

We have the Gelfand triple Whel — [2 — (W*)N"'l, with the
first embedding compact by Lemma 5.12. We can apply [Sim86,
Cor. 6], by the result of Lemma 5.21, for the Banach spaces
X = WNcl,E = L2,1N/ = (W*)NCI, with ¢ = oo, F,, = ¥". Strong
convergence in LPL? then follows as a consequence.

Weak compactness in L°H?.

Because of our results on the H' bound in Lemma 5.9 together with the
conservation of total energy and electronic charge as shown in Lemma
5.16, we can apply the Banach-Alaoglu theorem in L®H', where we
have the uniform bound

" ol — nt 1<C
1" || o t:(g%)lw ) 5

such that there is weak-* convergence of subsequences.

Compactness in Cy([0,T]).
As a consequence of conservation of energy by Lemma 5.16, the nuclear
kinetic energy is bounded:

Nl’lUC

5y Xk <C
K=1

for all ¢, by which X}L( is bounded in L*°(0,T) for all K.

By the mean-value theorem on [0,7] and the bound on the kinetic
energy, we can see that the assumptions of the Arzela—Ascoli theorem on
C9(]0,T)) are satisfied, as we have a sequence of bounded and continuous
functions X", which are bounded in L*>°(0,7") and equicontinuous. So,
this sequence has a uniformly convergent subsequence in the L*°(0,7)
norm, and X3 is compact in C,([0,T7) for all K. O

Remark 5.23. By the results of [Sim86| in Lemma 5.22, we have the
strong convergence ¢ ——» 1) in L2L?: this gives H?/J”(t)HLQ =,
|(t)]| 2 for a.e. t € [0,T]. We also know by Lemma 5.16 that for all n

we have the charge conservation H@ZJ"(?E)HL2 = H@Z)”OHLQ for a.e. t € [0,T].
With the initial condition ™" as in (5.21d), we have HWLOHLQ i
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HwOH ;2. As the limit is unique, we also have the charge conservation
[0(t)|[ 12 = ||¥°] - for ae. t € [0,T].

Now, we will perform a convergence argument.

Lemma 5.24. Let {wn}neN denote a sequence of solutions to (5.19a),
and k=1,...,Ng. We have the weak convergence

, dwk”*“/, dwk

in L®L? and almost everywhere.

no_ [P, [ pla) .,
£ .—/|‘_$/|daz, f.—/|'_$l|daz.

We have by Holder’s inequality (A.5)

Proof. Let

ek 1z < 1| o1kl s < ClVa€"| 2o
as Hzﬁ?” 13 1s uniformly bounded in ¢ by Lemma 5.21 and Sobolev embed-

ding in Corollary A.8. By Proposition 5.3, it follows that —A, £™ = p™.
Multiplication by £™ and integration by parts then yields

Vel = [[ 2 e < s < 53

by the Hardy—Li ”HL12/5 is uni-
formly bounded in ¢ by Lemma 5.21 and Sobolev embedding in Corollary
AS8.
Now, we prove the convergence " ——=2 ¢ almost everywhere.
Since by Lemma 5.21, Hw”HHl < C for all n, we have up to sub-

sequences " —>% ) in L2 .. almost everywhere. By the Hardy-
Littlewood—Sobolev inequality (A.7), x{”H 12 < C, Now, by [MMV16,
Proposition 4.3|, V,£" 2%, V€ in L2, By the Rellich-Kondrashov
theorem [LLO1, Theorem 8.9], & “—=% ¢ in Li , and the result fol-
lows. O

Lemma 5.25. Let A < 0,9 € (1,5/3], and T > 0 arbitrary. Let
{@D”,X”}neN denote a sequence of solutions to (5.19), and (¢, X)
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the corresponding limit. We have for all v € L*H' N H'I2)Y €
C2((0,T); R3)

0= (“/)l?’ )L2L2 - %(vﬂbl?’ va)LQLQ

Nnuc
n,g—1,n
(Zm—xgu fe LR “”“’)W
L _(Z¢k7v)L2L2 - %(vxwlm VZEU)LQL2
N,
& p(2") ., _1 _
(Z ‘x—XK‘ - \-—m’!dx Ve = Aot 1ij?v)L?LZ -0
(5.35a)
o—/TX"(t).Y(t)dt— "y / nit )L =K gy par
o R o K P x—X}‘{(t)\S
TNnuc
[0S o ROy
0 [ZK | X (t) — X7(t)|
n—-s00 T - T x K(t)
Xe)-Y@ydt— | z dz - Y (t)d
ity Vit [z [ pteo) = e v
T Xk (t) = Xr(t)
_/O S Zkz o —xop Y 0de=0 (5.35b)

Proof. Proof of (5.35a).
We discuss convergence of all separate terms one by one:

n—-—-

e The convergence (Z@DZ, v) 2%, —(inpy, ©) is because of the strong
convergence of Y™ in L?L? as shown in Lemma 5.22 and integration
by parts.

e The convergence (vmg,vzv)Lm 2 (Vetdk, Vav) 22 holds

by weak-* convergence of w” in L°H".

e The convergence < , U
| X?(| LQLEL |$U —X?(| I2[2

holds by weak-* convergence of ——~_—— in L®°L2,
|z — Xkl
Vel /
e The convergence </ G /) dz'y", v) n——oo,
| T | 1212

/
< ’p(a: )/‘ da'y, v) follows from Lemma 5.24.
- —X L2112
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e The convergence (p"’q*%/JZ,v)?LQ =, (qulwk,v)LQLQ holds
by weak-* convergence of p™4 ™ in L>°L?.

Then, the convergence (5.35a) follows.

Proof of (5.35b).
For the convergence of the nuclear equations, we perform the following
steps.

First, we bound for all K =1,..., Nyyc

k() d$-Ytdt
‘.CC—X”()‘ ®)

Xk(t)
/ / — XK(t)|3dx Y (t)dt

<Y zee 0,1y X

r

/p(t,w)x_X?((t)dw—/p(t, x)mdx

dt] |
‘We bound

’/()Tl(t)dt’ S/ /WL \x—xn ’(w)(‘tfwdxdt 00 (5.36)

by Conjecture 5.1.

The term II(t) converges pointwise to 0 for all ¢t € [0,7] as n — oo.
This follows from the continuity of the acceleration functions Ak
functions in the R® topology, which is shown in the proof of Lemma
4.20 (which also holds in the setting of H'), combined with the proof of
Lemma 5.17 for the first term in (5.27) of the function F.

By (5.30), we have the uniform bound |X7(t) — X7(t)| > 26(uw?)
on [0,7] for all n and 1 < K # L < Npye. Also, we know that the

sequence {X "}n ey I8 uniformly convergent. This combined gives that
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| XK — Xz| > 25(w0), and

‘/ \Xn XL () .Y(t)dt—/OT Xic(t) = Xo(t) .Y(t)dt‘

g(t)f’ [ Xk (t) = Xp(t)P
Xp(t) = Xp(t)  Xg(t)— Xo(t)
< T|Yllze(o,7) eses[os%) ‘Xn Xf(t)‘?) | Xk (t) = Xp(t)]?

T|Y|| oo 2=,
< Lz(wesssupHX?((t) - Xf(t)| - ‘XK(t) H
49 te[0,7]

In the convergence of the first term in (5.35b), we perform integration
by parts twice.

Conclusion.

As stated in Remark 5.19, we know that for all n € N the solutions
(™, X™) to (5.19) also solve (5.3) for all finite linear combinations
v= . ,6¢ € span{qﬁ”}zzl. Once we pass the limit n — oo,
as noted in Lemma 5.14 and Remark 5.15, we can take any element
v € W, which can always be expressed as an infinite linear combination

v=> 2 9’ eW. O

Proof of Theorem 5.2. By Lemma 5.18 and Remark 5.19, we know there
is a sequence of solutions {1/)”, Xn}neN of the system (5.3) for which the
convergence in Lemma 5.22 holds. By the convergence result in Lemma
5.25, the statement in the theorem follows. O



Chapter 6

Discussion and outlook

In this chapter, we discuss some of our results in a broader perspective,
and shortly address some questions left open to answer in future research.

6.1 Discussion of our results

In this thesis, we proved local-in-time existence and uniqueness solutions
to our system as presented in (3.5) of time-dependent Kohn—Sham
equations coupled with classical nuclear dynamics for parameter values
g > 7/2 and any sign for A # 0. We also managed to arrive at results
aimed at proving global-in-time existence of solutions to this system for
parameter values 1 < ¢ < 5/3 and A\ < 0, which include the physically
meaningful values for the parameters as presented in the original
formulation of the local density approximation (3.1). Note that the
existence result we obtained has been formulated for solutions to a weak
formulation of the system, as presented in (5.3). The results obtained
still leave some questions open.

As discussed in Section 4.2, the particular system we have studied
in this thesis, specifically the coupling of time-dependent Kohn—Sham
equations with classical nuclear dynamics, has not yet been mathemati-
cally investigated. In general, the coupling of electronic dynamics with
the time-dependent classical mechanics, thus with moving nuclei, has
not yet received much attention by authors.

Note that we formulated our results in a generalisation of the ex-
change part of the local density approximation: so far, we have put
the correlation part of the exchange-correlation term to zero, and only
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considered (a generalisation of) the exchange part of the local density
approximation. To study explicit formulations of the correlation part in
the local-density approximation, like the high- or low-density limit or an
interpolation between the two, would be a next step: see also Section 3.1.
In addition, other exchange-correlation functionals could be considered.

However, for 1 < ¢ < 3/2 (so including ¢ = 4/3) and A < 0 our spe-
cific approximation is in line with the mathematical study performed for
these extended Kohn—Sham models so far: see e.g. [AC09], where results
are formulated on the existence of minimisers for Kohn—Sham models in
a time-independent setting, within the framework of approximations as
the local density approximation and generalised gradient approximations
(GGAs), which also include the gradient of the electronic density as a
variable. In this paper, the following conditions on the LDA exchange-
correlation functionals have been formulated, under which the results in
the article hold.

Condition 6.1 (|AC09, (25)-(28) in §3|). For the integrand in the
exchange-correlation energy, that is, g in

Brelp] = / 9(p(x))dz,

we state the following. It is a C! function from RT to R, twice differen-
tiable and such that

9(0) = 0. (6.1)
g <0,
2 19'(p)]
V< p_ <Py <= st sup 4/ —"=— , 6.3
R per+ P7- + PP (63)
3
Jd<a< - st limsup 9(r) < 0. (6.4)
2 plo p%

Extending this to our time-dependent setting, we can see that our
function ¢ in Fy in (3.14), which is
A
9(p) = —p?,
q
excluding any correlation part, satisfies all these conditions for the range
1<g<3/2and A <0:

e (6.1) holds for all A € R and ¢ > 0.
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e (6.2)is true for all A < 0 and ¢ > 1: as p > 0, ¢'(p) = A\p?~! <0.

e (6.3) is satisfied for all 1 < g < 5/3: as then 0 < g — 1 < 2/3, we
can pick f_ =6y =q¢—1 and

/
A
sup 9@ M
pek+ PP= +pP+ 2
e (6.4) is satisfied for all 1 < ¢ < 3/2 and A < 0, as then we can
choose o = ¢ and

A
limsupM =—<0.

pl0 P q

Moreover, our results can be generalised to other LDA-type nonlin-
earities g, which are homogeneous enough. For example, Theorem 4.1
can be generalised to LDA-type nonlinearities which are sufficiently
smooth at the origin p = 0, and enjoy H? -Lipschitz estimates similar
to those obtained in Section 4.5. This is the case, for instance, for
)qpql’l —)\gpqu with g1, g2 > 7/2 and A1, A2 > 0, which share a similar
structure with nonlinearities involved in various well-known models in
quantum mechanics, such as the Thomas-Fermi-Dirac-Von Weizsécker
model [Lie83|.

Furthermore, the results in Section 5.2 have a numerical implication. In
this section, in the Galerkin approximation method, discretisations of
the Kohn—Sham wave functions are constructed, by which we formulate
approximated solutions 9" of which the elements are written in terms
of a truncated sum

YR(t) =Y ap,(t)e". (6.5)
v=1

Here, we recall that aZW are time-dependent scalar coefficients of class
Clin C, and ¢', ..., ¢" are eigenfunctions of the harmonic oscillator on
R3 as in Lemma 5.14, which involve Hermite polynomials. In numeri-
cal models in molecular modelling, expansions similar to (6.5) are con-
structed, using, e.g., the hydrogen wave functions as a basis. If instead
we used the basis {qb”}y cy from (6.5) in numerical applications, there
is the potential benefit that one could closely follow the mathematical
analysis performed in Chapter 5 for a possible numerical analysis and
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structural comparison to other numerical implementations with other
choices for the basis. In particular, the estimates on the approximated
solution ¥™ could yield numerical as well as theoretical insights. How-
ever, when comparing the performances with other basis choices, there
is likely the downside of having to work with Cartesian instead of spher-
ical coordinates as with the hydrogen wave functions: this likely renders
the implementation to be slow, and a high value of the number of basis
functions n would be needed.

6.2 Open questions

The main open question is whether we will be able to prove a global
existence result in the setting of H'; as of now, we have to rely on
Conjecture 5.1. We cannot be sure about whether this conjecture holds.
A possible way to circumvent this, and bypass the conjecture, is by a
regularisation argument of the following sort. Using the function G(s) :=
(v/s = A% on [0,+0c) for A > 0, we introduce the functions ¢, =
G([¢n]?) = a(tn)tn, with a(vn) = (1 = A/|¥on|)+. If we bound

lim /1\|¢n|2 — [Y*|dz < liminf/ ’S"”‘de+R(n) < ¢ + R(n)
n— oo |;p|2 - n—ooo |$|2 A ’

for some n = n(A) > 0, with R(n) — 0 as n | 0, one could formulate the
regularised n-TDKS equations, so the TDKS equations with the Coulom-
bic integral replaced by the integral involving ,,. If we are able to prove
an existence result in the n — oo limit without relying on conjecture,
we could then subsequently pass the limit | 0 in order to arrive at a
similar result for the original system involving the TDKS equations.

Also, it would be interesting to consider whether we can achieve
more regularity in the setting of H' for the weak solutions in Theorem
5.2 under suitable assumptions, such that we would be able to show
existence of strong solutions to the original system in the setting of
H' in physically meaningful regions for the parameters (\,q). The
uniqueness of these solutions also remains to be proven.

Furthermore, in the setting of H? we have shown local-in-time
well-posedness of solutions in Theorem 4.1 for ¢ > 7/2. A natural
question to consider is what the long-time behaviour of these solutions
in the setting of H? could be.
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Recall the article by Cancés & Le Bris we discussed in detail in
Section 4.2. We have improved their approach in multiple ways. Firstly,
our nuclear feasible region By (7) is equipped with the C° ([0, 7]; R3M ““)
topology, while in [CB99], the stronger C! topology is used. We realised
the C° topology is suitable enough and a natural choice to perform the
fixed-point argument for the mapping 7 in (4.100). The fixed points X
of the mapping T are trajectories which are twice differentiable in the
classical sense. Also, we are able to handle the exchange term involving
the ¢ parameter, which poses some technical difficulties as in relation to
[CB99|, which do not treat such a term. In addition, the approach by
[CB99] is also further improved using a Gronwall-type argument, namely
in Section 4.4, in order to arrive at our own definition of the nuclear
feasible region Bpuc(T).

In [CB99], an important difference to note is that they managed to
show global existence of solutions in the setting of H? to a system (4.11)
similar to ours, considering the time-dependent Hartree—Fock equations
for the electrons. Their proof of global existence |[CB99, §3.4] relies on
the existence of locally uniform estimates on | X (¢)|, | X t)| and ||| o2
on any interval [0,©) on which there is local existence and uniqueness.
Using the conservation of the total energy and the electric charge, there
is a uniform bound Cy such that ‘X )| + || Vet ( )HL2 < Cpon [0,0).
By this, | X (¢)| is also bounded on [0, 0), as well as HQ,Z)HF(t)HHl < Cp.
Moreover, for the non-linearity F(wHF) =Vy [pHF ] + VHF [wHF] on the
right-hand side in (4.11), the Lipschitz estimate [CB99, Lemma 5(b)] is
of the form

[P @) 2 < Crllo™ [ [97F |

for some constant C'r. By this, using Duhamel’s principle, they get

t
70 < B0 ot [P )
t
< B ([0 + Cr (14 [ [0 o).

By applying Gronwall’s inequality (A.15) HwHF )H e << ael with a, b
only depending on the initial data. By thls © can be extended to 400,
and global existence and uniqueness follow.

However, our Lipschitz estimate for the non-linearity Vpx|[p]y
in (4.89) on H? also includes the H? norm |[|¢| g2 itself outside of
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1Y — ¢'llcoo.r; 12y, where this is || (¢)]|,, in [CB99]. This is
problematic, as this is exactly what we want to bound. In this sense, our
local-in-time well-posedness results suggest that there may be a blow-up
in finite time possible of the H? norm of solutions of the system under
consideration, as the obstacles for potentially arriving at global-in-time
well-posedness results do not seem to be of only a purely mathematical
nature.

Since it is unsure whether we can achieve global existence in the
setting of H?, it is interesting to explore whether we could achieve
global non-existence for certain ranges of exponents ¢ instead of maximal
solutions defined for all ¢ > 0: so, the occurrence of a blow-up at finite
time in the norm of the solutions: see [CH9S8, § 7.6] or [Caz03, § 6.5].
If there were a blow-up occurring at a finite time in the H? norm, this
means that ||Az¥(t)]| 2 would blow up in time, or X in some norm on
C?(]0,7]). To this end, we have discussed some identities and bounds
for the quantum-classical second moment

/yx (¢, 2) 2z + Z M| X ()2

K=1

in Appendix B.3. Then, a blow-up argument could follow from integrat-
ing the bound (B.18) in Proposition B.13 twice: this gives a parabola
in terms of the time length T, which is negative depending on the co-
efficient in front of the square term, which is an expression involving
the initial total energy and the initial condition ¢°. As S(T) is positive
by construction and bounded by a possibly negative expression at the
same time, for a certain condition on the initial total energy and v°, this
could lead to a contradiction for " — oo, by which 7" must be finite,
which is equivalent to a finite-time blow-up of the norm ||1|| 72 (see e.g.
[CH98, Theorem 4.3.4. and Remark 4.3.5.]. However, so far we have only
encountered empty conditions, and the study of long-time behaviour of
solutions in the setting of H? is left for future research.



Appendix A

Mathematical preliminaries

A.1 Notation

Throughout the thesis, we make use of the following notations.

Ordering relation used in inequalities

We write the binary relations < and S, 6, on R, with a, § parameters,
to denote the following types of ordering in inequalities.
Let A, B and I' be real quantities. We write

A<B and ASap,..B
to denote the inequalities
|A| < CB resp. |A| < Cqop,.B
for some constants 0 < C,C, g,.. < 00. Note that if
ASeBSgT then A<l
Further remarks on notation

Notation of integrals.
We write

/f(a:)da:

with functions f on a known domain R™ for integration over the whole
of R™.
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Notation of convolutions.
We denote the convolution of two functions f, g by (f * g): that is,

(F )@= [ )y
The direct sum.

The direct sum U of two vector spaces Uy, Us, written as U = Uy + Us,
is defined as the space of elements v € U for which there exist unique
vectors uy € Uy, us € Uy such that u = uy + us.

The space of linear operators.
The space L(B, B") denotes the space of all linear operators A : B — B’
for Banach spaces B, B'. We write £L(B, B) = L(B).

A.2 Normed function spaces

In this thesis, we make use of the following normed function spaces.
Note that in all inner products, the conjugation is taken on the second
argument. Also note that we often use shorthand notation of these spaces
without indication of domain or range, so LP(R3), LP, etc., when there
is no risk of confusion.

Lebesgue spaces

The Lebesgue space LP (Rm; (C") with parameter p € [1, co] contains mea-
surable functions f : R™ — C" for which the following norm is finite:

rf@pzfum»%x for1<p<oo, |flli= = esssuplf]

with the essential supremum
esssup|f| = inf {C > OHf(:z:)\ > C for a.e. z € R™}.

For p = 2, the Lebesgue space forms an inner product space with the

inner product
(Fo)ie = [ £(a)
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The space of locally integrable functions Li. . (R”)

If

[ @i < o

on all compact subsets > C R™, f is called locally integrable. The set of
locally integrable functions is

Li. (R") := {f : R — C measurable ‘f|% € L'() for all

compact subsets s C R”}.

Sobolev spaces

The Sobolev space W*P with k € N,p € [1,00] contains the functions
f € LP with 0, f € LP whenever |a| < k: that is, all weak derivatives of
f up till order k are also in LP. We mostly consider p = 2, for which we
write W*2 = H*. For these spaces, we are particularly interested in the
cases k = 1,2. These spaces we employ with the norms

1170 = 1£1Z2 + IV A2
and
1132 = I1£ 1172 + 182 f1I72-

The space D' (R”)
We define the space

D'(R™) == {f : R" — C|f € Lj,.(R"), Vo f € L*(R"),
{z E]R"lf(a:) > a}| < oo for all a > 0}.

where V, f is the distributional derivative of f.

The space D2 (]R")
We define the space

DY (R") ;= {ue L* (R")|0;u € L*(R"),j € {1,2,3}},  (A.1)

with the Sobolev conjugate 2* = 6.
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Lorentz spaces (Weak Lebesgue spaces)

The Lorentz space LP" (Rm; (C”), with 1 < p < 00, 1 <7 < o0, contains
functions f : R™ — C" for which the following quasi-norm is finite:

[F{— anjum

tl/p
e = / Mdt for 1 <1 < oo, || f]lLeee = sup [tV/Pf*(1)].
0 t teR

Here, f* is the radial decreasing rearrangement
() =inf {C > 0[|{z e R™||f(2)| > C}| < t},

For r = 00, these spaces are also called weak Lebesgue spaces. We only
consider such spaces.

The quasi-norm satisfies the quasi-triangular inequality: that is, for
all f,g € LP"

I+ gllzer < C(Iflzrr + llgllzrr) (A-2)

for some C > 0.

Furthermore, note that Lorentz spaces can be seen as generalisations
of Lebesgue spaces, with LPP = LP for all 1 < p < oc.
For more information on Lorentz spaces and rearrangements, see, e.g.,
[Zie89, §1.8] and [LLO1, Chapter 3|.

Other normed spaces

The space LP([0,T]; B).

Let T > 0. The Banach space LPB = LP([0,T]; B) is the space of
measurable functions f : [0,7] — B for which the following norms are
finite:

T
T /0 It for 1< p < e, s = essoup 1)

)

For p = 2 and B an inner product space, the Banach space LPB forms
an inner product space with the inner product

T
(f.9)i2 = / (/. 9) . (A.3)
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Similarly, H'B forms the space
H'B:={f € L*B|o,f € L’B}.

We use the shorthand notations L2L?, L2H" and H'L? for the resulting
inner product spaces, using B = L?(R3;CMel) and B = H'(R3; CNet).

A.3 Results on normed spaces

In this thesis, we make use of the following results on the normed spaces
we mentioned in Section A.2.

A.3.1 Results on Lebesgue spaces

The classical LP-Hardy inequality (that is, a multidimensional version of
the classic integral inequality extended to LP spaces) is stated as follows.

Theorem A.1 (The classical LP-Hardy inequality [VZ00, §2|). For every
fe C(C))O(Rn) with n > 2,1 < p < n, we have that | - |71f € LP(Rn)‘
Moreover,

- p
117 e < 111V £ ll»
p

with the sharp constant p/(n — p).
In our context, we use p = 2,n = 3, and a translated form.

Corollary A.2 ([RS19, §2.1]). for all f € CF(R®), 2 € R3, [a—-| ' f €
L*(R?) with

e =1 £l 2 sy < 201V fL 2 (A.4)

Theorem A.3 (Hoélder’s inequality on Lebesgue spaces [LL0O1, Theorem
2.3]). Let 1 < p1,...,pm < 00 be such that

j=1 P

Let f; be in the space LPi for j =1,...,m. Then, the pointwise product
given by [T72, f; is in L', and

‘/ﬁfa‘(w)dw\ = ﬁllfjllm. (A.5)
j=1 j=1
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Remark A.4. For m = p; = po, this is the Cauchy-Schwarz inequality
on L2

Theorem A.5 (Young’s convolution inequality on Lebesgue spaces
[LLO1, Theorem 4.2|). Let h := f * g denote the convolution of func-
tions

1 1
ferr ge P with —+ — > 1.
p1 P2
Then, h € L™, with
1 1
—_ 4 — — 1=-
pPr P2 r
Furthermore,
1Rl < [[fllzer llgllzes - (A.6)

Theorem A.6 (Hardy—Littlewood—Sobolev inequality [LLO1, Theorem
4.3, p. 106], due to [HL28; HL30; Sob63]). Let p,r > 1 and 0 < A <n
with

1 X 1

S+ 4-=2
P n r

Let f € Lp(]R”) and g € L" (R”) Then, there exists a sharp constant
C(n,\,p), independent of f and h, such that

J[ 28 8wty < Conr s ooy, (A7)

A.3.2 Results on Sobolev spaces

Theorem A.7 (Sobolev’s inequality for gradients [LLO1, Theorem 8.3|).
Letn >3 and f € D! (R”) Then f € LP (R”) with

2n
n—2

p =
Furthermore, the following inequality holds:
V£ 172 = Sallf1I7e- (A.8)

Here, S, is called the Sobolev constant, with, forn =3, S3 = 3(%/2)4/3,
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Corollary A.8. By interpolation, we obtain the continuous Sobolev em-
bedding H* (]R3) into all Lebesque spaces L™ (R3) with r € [2,6].

Theorem A.9 (Gagliardo—Nirenberg—Sobolev inequality [Eva, Theorem
5.6.1.]). Let n € N and 1 < p < n. Then there exists a constant C,
depending only on p and n, such that

[ £l e ny < ClID S| Loy,
for all f € CL, with the Sobolev conjugate p* for 1 < p < n given by
1 np
pon-p
Corollary A.10. We have the Sobolev embedding

Whr(R™) C P (R") (A.9)
for1 <p<mn.
Theorem A.11 (A general Sobolev embedding theorem [Eva, Theorem

5.6.6]). Let U be a bounded open subset of R™, with a C' boundary.
Assume f € WFP(U). If

k<

)

n
p
then f € L"(U), where

<
"=
S|

We have also the estimate

1 fllr @y < Cllfllwrr @y
the constant C depending only on k,p,n and U.

Corollary A.12. We have the continuous embedding
Wk‘,p (Rn) g W&T (Rn)
for

where ke N, 1 <p<oo, k<, p<nandp<r<oo.
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A.3.3 Results on Lorentz spaces

Theorem A.13 (Young’s convolution inequality on Lorentz spaces
[Zie89, Theorem 2.10.1]). Let h := f % g denote the convolution of func-
tions

1 1
fe P ge LP»2 with — 4+ — > 1.
p1 P2

Then, h € L™% with

and s > 1 any number such that

1 1 1
—+— > -
q1 q2 S

Furthermore,
1Rl Lrs < 3r[| fllLerar[[g]l Lp2iao. (A.10)

Theorem A.14 (Holder’s inequality on Lorentz spaces [ONe63]). Let
h:= f - g denote the (pointwise) product of functions

feLPrit ge [P>2 with 1 < p1,p2 < 00,1 < q1,qo < 0.

Then, h € L™®, with

1 1 1 1 1 1
— 4 — =", 4=,
p1 P2 r a Qg2 S
Furthermore,
17llLre Spipogrge 1 fllzena (gl oea. (A.11)

Theorem A.15 (Convolution with a kernel [Zie89, Theorem 2.10.2]).
Let I, : R — R denote the kernel

Io(z) = ||z||ga "
Then

I, € Li-a™, (A.12)



A.8. Results on normed spaces 157

Moreover, if f € LP" and 0 < a < n/p,

I,xfe L
and
Mo fllzra < ol 2500 L fllzea < Clfllzra, (A.13)
where
1 _ l «
rop n

A.3.4 Other results

Theorem A.16 (Young’s inequality for products). Let a,b > 0 be non-
negative real numbers. Let p1,p2 > 1 be Hélder conjugates: that is,

1 1
—+—=1.
b1 D2
Then,
P1 bPZ
ab< S 4 2 (A.14)
n P2

Theorem A.17 (Gronwall’s inequality). If y satisfies for all t > to the
differential and initial inequalities

y(t) < ay(t) +b(t), t>to,
y(to) <c,
then for all t > tg
t
y(t) < elt=t0)e 4 / eyt )at'. (A.15)
to



Appendix B

Additional results

B.1 Notes on the variational formulation of the
system

Here, we check that the system under consideration (3.5) can be recov-
ered from the evolution equation in the variational formulation (3.13).
First, we fix k € {1,..., Ng}, and take {/;g =0forall ¢ € {1,...,Nq}
with ¢ # k. Furthermore, we put X = P =0. We write

v + h{/}‘Q —p= QhRe<¢kE) +0O(h?),
Vo (@ + W) — [Va? = 2hRe(Van - Vot ) + O(2),

and

() + hi(z Hl/) ) + hap(x ‘ — p(z)p(a’) =
= 2h{ﬁ(ﬂf)Re [n(2')r(2')] + Re [W(@Jk(@]ﬂ(f)} +O(h?).

Furthermore, using the binomial series, we write

[+ ho | — p? = {p+ [QhRe(w,Ek) + O(hQ)} }q _

= 2hap'"Re (v ) + O(h2).

158
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Combining this, we finally obtain, using symmetry in the double integral,

(DH (¢, X, P), (,0,0)) = lim {L[H (¢ + h), X, P) — H(p, X, P)]}

:Re[/vzwk(x Votn(z dx} —253“2 Re [ mdx}

+2Re[// e Ou(@) g, dx} +2ARe[/[p(m)]q-1¢k(m)de}
ZQRGK Apthy — iﬂc’ ¢k+/‘ dmﬁ + Ap?” 1%,%)

Since in the bilinear form

[0, X, Pi5,0,0] = =21m ( (4, D) o gy ) = 2Re | (ithes ) o |

we see that the time-dependent Kohn—Sham equations (3.5a) indeed fol-

low from (3.13) by equating the two expressions and using the freedom
of choosing v as we imposed.

Then, we fix K € {l,...,Nn}, take X; = 0 for all L €
1,..., Nyuet with L £ K, and put ¢ =0, P = 0. We write
{ p
(|$—XL|—‘l’—XL—hXL‘)ﬂ{E—Xﬂ—I—‘l’—XL—h)?LD:
= |z — Xp> = |o — X — hXp|? = 2h(z — X1) - X1 + O(h?).

ZZL//)(HU)[‘HJ_( e

Xp+hXp)| o= Xl

" (|$—XL|—|x—XL—hXL|)(|:E—XL|—|-}CC—Xg—hXLD
|lv — X — hXp||lz — Xp|(lz — Xp| + |¢ — X — hXL])
:2hZK/p(:U)(x—XK)-)A(/K—I—O(h2)><
1
) — dx
’$—XK—hXK’ ‘QS—XK‘+’.T—XK—hXK‘ ’x—XK’2

dx

L2 (R3)}
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Furthermore, as

(X2 — Xp| = | X1 — Xp + (X — Xpr)|) %

x [| X1 — Xp| +|Xr — Xp +h(X1 — X1
= X1 - Xp? — | Xo — Xp + h(Xp - Xp) [
= —2h(Xp — Xp) - (X1 — Xp/) + O(h?),

) =

we write

NnuC

S 2z [ 1 1
L=, |(Xp +hXe) — (Xp +hXp)| 1 X — Xp|
LAL’

_ Z ZLZL,‘XL—XL/|—’XL—XL/—l—h(jZL—jZL/)
Lo | X — 2 +h(Xp = Xp)|[ X — X

o ’XL _XL” + ‘XL_XL' —l—h(sz—XL/)

’XL _XL/’ + ‘XL_XL' —l—h()?L—XL/)
NHUC

=20 Y ZxZ1[(Xk — X1) - Xx + O(h%)]x
L#K

X [|XK—XL+h(5(iK _)?L)‘2|XK_KL’

~ ~ —1
XK~ X h(Re— X)X~ X
Nnuc

—2h Y ZpZi (XL — Xk) - — Xk + O(h?)]
L#K

X |:|XL —XK+h()ZL—XK)‘2|XL —XK|
~ ~ -1
| Xp = Xi + A(Xy — X)X, — Xcl?]

Nnuc

= —4h Y ZgZp|(Xk — Xp - Xk + O(h?)] %
L#K

X “XK—XL-F}L()?K _)?L)‘2|XK_XL’

~ ~ -1
| X = Xp o+ h(Xk = Xp) || Xk - Xe 2]
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Combining this, we obtain

(DH(y, X, P), (0,X,0)) = 1;3?8 {L[H(4, X +hX,P) —H(s, X, P)]}

~ N ~
(.’L’—XK)~XK “3 (XK—XL)-XK
= —ZK/p(l')‘w_)(K‘?)d‘r_ > ZkZL K '

Since in the bilinear form

[@/),X,P;O,)?,O] = —PK ')?K;
we see that by equating the two expressions and using the freedom of
choosing X as we imposed, we get

anlC

X
3dl‘+ Z YA A

. — XK X — X
PKZZK/P( )ﬁ ol L
L#K

= B.1

Finally, we fix K € {1,..., Nnc} again, and take Pp=0foral L e
{1,..., Npuc} with L # K, and put ¢ = 0, X = 0. We similarly have

(DH(¢, X, P), (0,0, P)) = 1&?8 {L[H (¢, X, P+ hP) — H(¢, X, P)]}

7PK']SK
=

Since in the bilinear form
[¢7X7P70707§} :XK ﬁK?

we see that by equating the two expressions and using the freedom of
choosing P as we imposed, together with (B.1), we get

Pk Py
Xg=-2 =X =
N,
Zk = ¢ e X — X
_ LK d z
MK[/p( e X, +L;{ MXk - X XLI?’}

which are indeed the classical-mechanical equations for the nuclei (3.5b).
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B.2 Notes on the energy estimates

In this section, we derive similar bounds for various terms in the total
energy as in Section 5.1.2 for the range (1,3/2) for ¢ and a negative sign
for A.

First, we bound the term

N )
= / [p(a)]4d

Lemma B.1 (Coulomb-Sobolev inequality). Let ¢ € H'. For all k €
{1,...,Na}, we have

1/2
ol < (am) 21Vl (15 ‘W"*;'( I 4 w)'

Proof. The following bound is due to P.-L. Lions in [Lio87|; see also
[Bel+16; MMV 16] for generalisations.
By Proposition 5.3, we know that

ug(z) = [ (@ )‘zd ! (B.2)

ar | o — 2|
is the unique solution in D2 to the Poisson equation

Testing (B.3) with uj we have

Va2 = = / / D@ eI g, (B.4)

|z — 2|

Testing (B.3) with |[¢| € H' (see also [LLO1, Theorem 9.8 ff., Chapter
10]), we have by the Cauchy—Schwarz inequality

lkll72 = /VxUk(ﬂf) Ve ([¥r)) (@) de < ([ Vaugl 2| Ve (19r)] 22,

from which the result follows, using (B.4) and that |V, (|[¢k])] < [Vak]
holds almost everywhere. O
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Lemma B.2. Let g € (1,3/2). Let ¢ € H'. For all ¢ > 0, we have

IA\/ qu<€[/|v¢ |dx+//| dd:c]

—2(q—1)

—q )\ 372q g 3—2q
2 [ () P

Furthermore, if ¢ = 3/2, we have for all e > 0

2 [@pas <& [ [9.0)Par

/
+Nel—1/23ﬁ // p(.’E)IO(:U )dxdx/
e[Al |z — ']

Remark B.3. Note that this bound is linear with respect to the elec-
tronic charge.

Proof. Let k € {1,..., Ng}. By interpolation, we have

17
[ o [ T
as long as

1 8 1-8
e

2q 3

This gives f = (3 — 2¢q)/q, with 1 — 8 = 3(1 — q)/q for ¢ € (1,3/2).
By convexity, Lemma B.2, Young’s inequality for products (A.14) with
exponents (3—2¢)~ !, (¢—1)"t > 1 for ¢ € (1,3/2), we have for all e > 0

A
B [ peeas < Bl 1Z||wkum
A Na®™ (e _2(q b Go2g( € ' 2(q—1)
Z (4m)aq -1 14 HL (]—71 ||vx7/)k||L2
q-1 ! q—1
s //fmmmdxdx,
q—1 \:B—:z:’|
<e [/!wa 2da:+// e d d:c]

(Q)

AN 1752
| <q51> iz

+ B e (0,1).
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Fully analogously, using convexity and Young’s inequality for products
(A.14), we obtain the bound for the case where ¢ = 3/2 by directly
applying Lemma B.1. O

Now, we arrive at an estimate on the total kinetic energy.

Lemma B.4. Let A\ < 0, and q € (1,3/2). Furthermore, let T > 0
arbitrary. Let X € C'([0,T]) and ¢ € C°([0,T]; H').

For all 0 < € < 1/4, there exists pe. < 0 such that for all p < pe it
holds that for all t € [0,T]

Nnuc

2 Ml #4 [19000Par < L w0
Nnuc 5 |)\| _1 . —2(g—1)
e 32 3-20 )
{I;ZK‘FN(%I |:(47T)QQ:| <q_ 1) ,U/Nnuc}Hw(t)HLQ}

(B.5)

Remark B.5. Note that this bound is linear with respect to the total
energy and the electronic charge.

Proof. By Lemmas 5.5 and B.2, we bound for all 0 < € < 1/4 the total
energy (3.14) by

NUUC
E[X,¢] > 3 MK‘XK‘Q + (3 —20) / |V2t(z)|*da
K=1
N,
nuc Z Z /
K,L=1 [ Xre — X |z — 2’|
L#K
Nnuc 9 |A‘ 3 12 —2(¢—1)
_ — N 5-2q I 2
‘|‘{,UJNnuc KZIZK Nel a (47r)‘1q q 1 ||1/}||L2
(B.6)
O

Now, combining the above results, we arrive at a bound on the H'!
norm of the Kohn—Sham wave functions ¥, k =1, ..., Ng.

Lemma B.6. Let A < 0, and q € (1,3/2). Let T > 0 arbitrary. Fur-
thermore, let 1) € C’O([O,T]; Hl).
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For all 0 < € < 1/4, there exists pe < 0 such that for all p < p. it
holds that for all t € [0,T]

()17 < aB[X,9](t) + Bllv )72, (B.7)
with

14

—2(g—1)

N, _ _1
2 INNg9 1152 [ ¢ 5-2q
=1 7Z Ne|—— — pNpue ¢-
’ +1—45{2 a 1{ (47)1q g1 e
K=1

Remark B.7. Note that this bound is uniform in time, and independent
of the length of the time domain T'. Further, note that the bound is linear
with respect to the total energy and the electronic charge.

Proof. Lemma B.4 implies the bound for |||V, (t)]||7. on [0, 7], and the
result follows. O

B.3 Notes on the quantum-classical second mo-
ment

In this section, we formulate results on the quantum-classical second
moment S of the pair (X,1) in the setting of H? for the Kohn-Sham
wave function v, which is defined as

nut,

s _/\xy (b (z)[2dz + ZMK\XKF

Here, the second term is the classical analogue of the quantum-
mechanical second moment, which is the first term. The following results
are partly inspired by results from [CH98, §7.6] on the first term, the
quantum part involving .

Lemma B.8 (Second-moment identities). Let € H' be such that |-|¢) €
L?. Then,

// |£L‘—x’| dz'de // x_,; p(2")p(z)dx'dz.
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Proof. The result follows from the observation that |z — 2/|? = z - (z —

')+’ - (¢ — ), symmetry and Fubini’s theorem, which we can apply

since
(' — x) 1,2
x_$,|3 —— () p(z)|dzda’ S/]az’|p(m’)H\ =] 1¢HL2dx’
S 1902 1l 2Vt -
using the Cauchy—Schwarz and Hardy’s inequalities (A.4). O]

Lemma B.9. Let T > 0 arbitrary. Let (¢, X) denote a solution in the
space

CO([0,T); H2(R3;CN)) 1 €1 ([0, T); L2 (R3; CNe1)) x C2([0, T); R3Nowe)

to the system (4.1) with (0) = ¢° € H? such that | - |v° € L?, X% ¢
R3Nwwe pith X9 £ X9 for 1 < K # L < Nyye, and VO € R3Nnue,
Then, we have

|l eC([0,7);L%),  SeC(0,1)),

with on [0,T)
Nnuc ]
S'=2Im[(| - [¢,0pp) 2] +2 Y MgXg - Xk, (B.8)
K=1
=2 [ Wt ar 2 3% o —22/@_&, o)
NIlllC anlC

2w A

K=1L=1,L#K

6A(g—1) 44y
=2 / p(a)]4de, (B.9)

where O, denotes the radial deriative O = x -V /|z]|.

Remark B.10. At various places in the proof of Lemma B.9, we use
that for functions g € L*(R?)

Rn/ g(x)do — 0
8Bn,

for some suitable sequence of radii R, — o0.
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Proof. Let I = [0,7"], T" < T. For € > 0, we define the function
0 := exp (— | - |?), which is used to regularise the modulus.

Proof of (B.8).
On I, we define the function
fe =l 100117, (B.10)
with
f=2Re(| - *020, ) 1o = =20 (| - 2020, HY(X, ply) 1,
(] 202, Ast) s —2Im[/:):\2[95(x)]2><

“{- Nf!x—xm [ e+ At ot
= —Im(| - 20204, %) ,,
= _Im[ Jim {R?[6: ()] /8 ; 8@(90)-@010}}

+1m(Vat), Va (| - P020)) 12
= Tm(0, (|- [*62)0r0,¥) 1
+Im [ 10-Vorp[[72] + 2m((1 — 2¢[ - [*)] - 1020, ) 12,

where we use Green’s first identity on Br and Rem. B.10. We have on
I

fe(t) =
t R —
— 160030 +2 [t [ (1= 2eaP)lel 8020t 207 )
0
t
<+ [ 1o, e VI
2 cT’ c [t
< H’ . ‘wOHLQ + THVMH%O([O,TI];LQ) + 2/ fa(t’)dt/
0
with C' independent of €, using Young’s inequality for products (A.14)

and that the functions 6. and (1 —2¢|- |2)96 are bounded in x and . On
I, we have by Gronwall’s inequality (A.15) that f. < exp(CT"/2), and,
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using Fatou’s Lemma, we deduce that | - [¢p € C° (I; L2). In the limit
e | 0, we obtain on [

t
- ot 2 = I 1) + 2/0 Im[(| - [0 (, ), (t', ) 2]t

Since the right-hand side is continuously differentiable, S € C*([0,T)),
and (B.8) holds on [0, 7).

Proof of (B.9).

For € > 0, we define on I the function

he = TIm(] - 00,1, ) 2. (B.11)

In the following steps, we find expressions for its derivative h., such that
we can perform an argument using the dominated convergence theorem
for the limit € | 0 in order to arrive at an expression for S”.

Step 1.
First, we consider ¢ € C! (I; HQ). Then, we have on [

W =Tm(| - |0:0:9,9) 2 — Im(¥, | - |0-0:0) .,
where
(I 16:0:,9) . = / V.- [0-(@)d(x) - $(@)z]da
— (4, | - 100, + (30 + | - [0:0)) ,»
with

/ Ve - [0=(2)(z) - Y(z)z]dz = lim {RGE(aﬁ) W(z) - zp(:c)da} — 0,

R—o0 dBg

using the divergence theorem on Bpg together with Rem. B.10. This
gives on [

he = —Im (3, [2[ - [0:0,4 + (30= + | - |0,6:)¢]) 1, (B.12)
so he € C*(I). This result is equivalent to

he (t) =

= he(0) — /0 Im(¢(t,-), [2] - |0:0-0 (', -) + (30= + | - [9,0)0 (¢, ) p2dt’
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for all ¢ € I. By density, we extend this result to general functions
e COI; H2) N OV (I 12).

Step 2.
Since (¢, X) solve (4.1) on [0,7"), we have on I

Nnuc
hngeK—;Azw[ XK’ /| d:r + A0,

K= 1

|- 19.0,0 + (30 + | - \aregw) ]
L2

Step 3.1 We have on I

Re[(A:ﬂ/% 2| : |9€8r¢ + (395 + ’ : |8r‘95)¢)L2} =
= Re| i 2R0, , 2d
of m (o) [ ot

R—o00

T [30.(x) + RO,6.(x)] /3 ,. 0eba) - a)as )
— Re{(Vath, Val26.] - [0, + (36 + |- 10,0.)]) 2]
— -2 [ |210,6.(2)/0(z) Pde — 2Re{ (6.V.6, Vil - or]) 12}
- / [40,0. () + |]02,6.(2)] Re [0,46(x) - ()] da
— [ 0.0 + 410,02Vt )P

'In the forthcoming steps, we encounter the integrals

/9 f”_””‘dp( ') p(z)da’dz, (B.13)

rz—X
/9 x‘%Xf|3p()d, ke{l,...,M}. (B.14)

For all € > 0, 6. is uniformly bounded, and the integrands are dominated by an
L' function: to see this, we reason as in the proof of Lemma B.8 for (B.13); for
(B.14), we add and subtract Xk in the first entry of the scalar product, and use the
Cauchy—Schwarz and Hardy’s inequalities.
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S / (0-(@)| Vot (@) 2 + |2]0,0- ()10, ()2} da
/ Vo - [6:(2)|Vath(a) Pl
+/ (40,0 (2) + |%]|02.0-(z) | Re [0, () - ¥ ()] da

by Green’s first identity on Bg together with Remark B.10, where

/ Vo - [0-(2)|Vat(a) ] dz = lim {Ro.(x) /

OBRr

Vat(a) Pdo | =0

by the divergence theorem on Bp together with Remark B.10, and
NI!HC

ReK[— / dx—l—)\pq 1% 2| - \aarw) }:

XK| |- -

Nnuc /
p(z’) / A }
= x| ()0, + dz'p(z) + =[p(x)]? rdx
[ 1elo.(o) { Y S+ [ e + o)

N,

nuc x—XK
+ [ o] - > 7 0+ [ e o) s

where the first term equals

[vefo]- NZ Zevlo)+ [ LD awlnto) + 2ptoe -
Nnuc

[30(x) + |z|0,6( { Z \:c — XK\ —|—/ ‘ P(wzl‘dx’p(x) + g[p(x)]q}dx,

with the first term being

]_%EI;O{R@Eu) /BBR [ - Zzzjl - | o) + g[pu)]q] da},

which is 0, using the divergence theorem on Bp together with Rem.
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B.10. Altogether, we have on I

. = / Ga(x)lvmw(:v)]Qd:):—i— / 0-(z)[p(2)]?dx
/yx\a 0. (2)[Oip () 2 + 24— 1) /\xya 0. () [p(x))"de

+ 2/ [40,0-(z) + \93|8TT05(93)]R6 [0r() - Q,Z)(:E)}dfb

Step 4.
Since for all ¢ > 0 both 6., 9,0. | - |0,0- and | - |02.0. are uniformly
bounded, we apply the dominated convergence theorem, by which on I

L [Vt Pas +3A(q 2 [tz

/
_ZZK/ —X |3p z)de + 4 //|—x’| x'dz,

using Lemma B.8. Similarly, since | - [¢p € C° (I : L2) (see the proof of
(B.8)), we have on I

he 2% Tm(| - 8,90, 9) 12 =: B (B.15)

Note that h € CY(I), with &’ = lim.|o{h.} on I. For the nuclear contri-
bution to the result, we observe that on I,

d2 Nnuc Nnuc ) Npue
@( > MK'XK|2) =23 Mg|Xk[?+2) Xk - Axlpl(X).
K=1 K=1 K=1

By the identity

NnuC

Xk — XL
N S T
K,L=1,

LK
NnuC
K,L=1,
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we have that

Nl’lllC NllLlC Nnuc NIlLlC

(ZMK|XK\ ) _2ZMK\XK\ DY iKzg(L’

K=1L=1 L;éK
anlC

e
+2ZZKXK /x K‘gp z)dz,  (B.16)

Using the above results in combination with (B.8), this means that S €
C?%(]0,T)), and (B.9) holds on [0, T). O

Proposition B.11 (Second-moment bounds). Let either
A<0,g>4/3, or A>0,1<qg<4/3.

Then, we have on [0,T")

NnuC
S" < 2BX, Um0 + 3 M| X[’ +/|v W) 2de. (BAT)
K=1

Proof. The result follows from (B.9) in Lemma B.9, and the conservation
of total energy (3.14), as proven in Lemma 3.3. O

Remark B.12. Note that for ¢ = 4/3, we have equality in (B.17).

Proposition B.13. Let A <0, and g € [4/3,5/3]. For all0 < e < 1/4,
there exists pe < 0 such that for all p < pe it holds that on [0,T)

1" 2 2 0
s < E[X, ¢l 0+*[(ZZK N ) |91
Ba- 2 2(3-q)
P

Proof. The result follows from Lemma 5.8, energy and charge conserva-
tion as proven in Lemma 3.3 and Proposition B.11. O



Summary

Well-posedness for time-dependent
Kohn—Sham equations coupled with
classical nuclear dynamics

In this thesis, we study the initial-value problem associated with a class of
time-dependent Kohn—Sham equations coupled with Newtonian nuclear
dynamics, which describes the nonadiabatic dynamics of molecular, spin-
unpolarised systems.

This type of system is used in the modelling of many dynamical
phenomena, like chemical reactions, and other quantum chemistry cal-
culations. For this modelling, computational methods are used to solve
the system. These methods can benefit from well-posedness results for
the system, as it can validate the nature and behaviour of the numerical
solutions and investigate their stability.

The time-dependent Kohn—Sham equations serve as an approxima-
tion of the time-dependent Schrédinger equation. They are constructed
in the framework of time-dependent density-functional theory, which re-
duces the electronic evolution to a single-particle description based on
the electronic density. This way, the equations are formulated in terms
of single-particle wave functions.

The effective potential in the Kohn—-Sham description includes an
unknown part, the exchange-correlation potential. We study the Kohn—
Sham equations in a generalised form of the so-called local density ap-
proximation. In this generalisation, we set the correlation term to zero,
and investigate a pure-power exchange term with various ranges of ex-
ponents as its parameters.

Using a nonadiabatic mixed quantum-classical dynamics method,
we couple the time-dependent Kohn—Sham equations, which form a
quantum-mechanical description of the electronic evolution, with a
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classical-mechanical description of the nuclear dynamics. To this end, we
apply the mean-field or Ehrenfest approach, which uses the point-nuclei
approximation, by which we treat the nuclei as classical point particles,
neglecting their quantum nature. Following this way, we perform a clas-
sical limit, in which the nuclei move subject to a single effective potential
according to Newtonian dynamics.

The resulting system is a Hamiltonian system, in which the total en-
ergy and the electronic charge are conserved quantities over time. For
the solutions to the associated initial-value problem to this system in
the Sobolev space H?, we are able to show local-in-time existence and
uniqueness for a certain range of exponents in the pure-power exchange
term. For this proof, we combine Yajima’s theory on the construc-
tion and properties of propagators for time-dependent, linear Hamil-
tonians with Duhamel’s principle, based on suitable Lipschitz estimates
for the non-linear part of the effective Kohn—Sham potential, and apply
Schauder’s fixed-point theorem in order to arrive at the result.

We are also able to show, under a certain conjecture on convergence,
existence of weak solutions in the setting of the Sobolev space H! for a
certain range of exponents in the pure-power exchange term, including
the physically meaningful value that appears in the original local density
approximation. For this proof, we construct several estimates on terms in
the total energy, apply a Galerkin-type method to formulate approximate
solutions to a truncated version of the system, and use compactness
results in order to perform a convergence argument, under the mentioned
conjecture, to prove the existence result.

174



Acknowledgements

I owe a lot of gratitude to a lot of people. I cannot list them all here, for
it would be a book on its own; therefore, the list below includes, but is
not limited to the following persons.

Bjorn, foremost, I owe a lot to you. You gave me the opportunity
to hop on the PhD Express, you gave me enormous freedom to do the
projects I wanted, and you gave me a gigantic amount of support at
times when I needed it. With your understanding and your faith in me,
I managed to do things I did not think I was capable of. But most of
all, you made me feel included by treating me as an equal. You are a
wonderful person with a lot of exquisite humour, and I wish you all the
best in life.

Carlo, as my “mathematical father”, without you the content of this
thesis would be quite empty. You arrived in my life at the right time,
but in Eindhoven at the wrong time. Three weeks into our collaboration
here in Eindhoven, we had a lockdown (I am not making a suggestion at
a correlation here). But we did stay in touch, and managed to continue
our wonderful research. This way, I made it through the first lockdown.
We did almost everything digitally, except sharing a room on Schier-
monnikoog and treating each other to coffee in Modena. I am eternally
grateful to you for all the support you gave me, all the things you taught
me, and everything we have done together and shared with each other.
I very much hope we will stay in touch, as you are a dear friend to me!
In the meantime, as always I will listen to Zappa.

Mark, jij sluit de drie-eenheid van mijn begeleiders af. Je toonde
altijd interesse in het onderzoek, en was er zodoende vanaf het begin al
bij betrokken. Her en der bleef je op de hoogte, en deed je waardevolle
aanvullingen en suggesties die ons altijd verder hielpen. Zo verschafte
je op cruciale ogenblikken onschatbare inzichten. Op het eind deed je
er een schepje bovenop, en spitte je proefschrifthoofdstukken door met
de rode pen. Het resultaat is wat minder rood, en mag er wel zijn! De

175



laatste maanden heeft het werk een nodige groeispurt doorgemaakt, en
jij had daar een fundamenteel aandeel in. Alle dank daarvoor.

Karen, Johannes and Jason, thank you for reading my thesis and for
serving in my doctoral committee. Barry, dankjewel voor het voorzitten
van de verdediging.

Heel veel dank aan Pascal en Arjen, constanten in mijn universitaire
leven, voor het willen zijn van mijn paranimfen!

During my years at CASA, I met a lot of wonderful people. Of
course, as a student alumnus, I knew quite a few already.

Georg, ik heb de droom van menig eerstejaarsstudent bij Analyse 1
weten te verwezenlijken, door samen met jou aan een artikel te hebben
gewerkt. Onherroepelijk is bij dat vak het zaadje geplant!

Enna, met alles waarin je mij bij kon staan ben je tot het uiterste
gegaan. Dank voor al je hulp in werkelijk alles, maar bovenal dank voor
alle fijne gesprekken die we mochten voeren!

Also a big thank you to all the other staff members at CASA, for
making it a wonderful time to be there!

Of course, I want to thank all my nearer colleagues, the fellow
doctoral students I met, for their support and company. All the present
and past BauRG members for their collaboration and help; special
thanks to Vivek for being the average guy. More special thanks to René
for being my office mate in the first year and the nice conversations we
had, and to Vi for all the fun times we had, including trying to survive
in Paris. Lirong, Pascal, nu ik niet meer ’s laatstgenoemden collega ben
kunnen we de ontmoetingen weer beperken tot eenmaal per halfjaar.
Dennis / Cornelis / closest acquaintance, dank voor de koffiemomenten.

Het zal eenieder verbazen, maar ik heb ook vrienden buiten het
academische bestaan. Voornamelijk zorgden de maandagavondrepetities
+ -nazitten van de Philips Harmonie voor de broodnodige ontspanning
naast de doctoraalstress. Een verdere greep uit het leven: Joost, Mette,
Martin, Naomi, Esmée, Bram: brassend en brallend blijven we bestaan;
Tom en Saskia, dank voor Delftse dagen; dr. Schol, Janine en Yannick,
Oost, West, thuis in Best; dr. B.J. Dietzenbacher, Bas, dank voor je
geestdrift in het plannen van de verdedigingsdatum evenals het zelfs
willen zetelen in de commissie, evenals het niet stellen van een vraag;
en alle, vele anderen voor hun steun en geloof in mij. (Edi, dank voor
het tolereren van mijn aanwezigheid.

176



Wat niet eenieder verbazen zal, is dat ik ook familie heb. Alle dank
aan hen, want dat maakt mij ten dele wie ik ben; laten we aannamen
dat dat het positieve deel is. Opa, oma, papa, mama, Bram, Kathelijn,
Tijmen: dank voor al het vertrouwen en geloof dat jullie in mij hadden
en hebben, en dat vaak het mijne overstijgt.

Esmée, nu je mijn academische ik hebt meegemaakt, in al zijn
facetten, pieken en dalen, lijkt me dat een afdoende lakmoesproef dat
een leven samen wel zou moeten lukken; laten we het maar proberen.
Dank voor al je steun en je liefde.

177



About the author

Wouter Scharpach was born on February 16", 1996 in Veldhoven, the
Netherlands. After finishing high school at the Van Maerlant Lyceum
in Eindhoven in 2013, he started studying Industrial and Applied
Mathematics at the Eindhoven University of Technology, completing his
bachelor’s studies in 2016 and his master’s studies in 2018. In September
2018, he started as a doctoral student at the Centre for Analysis,
Scientific Computing and Applications (CASA) under the supervision
of dr. B. Baumeier and dr. C. Mercuri. The results obtained during this
doctoral study are presented in this thesis.

From March 2023, Wouter is employed as a patent attorney trainee

at DELTAPATENTS in Eindhoven.

178



Bibliography

[ACO9)

[Ago+13]

[ATS7]

[Bau+-20]

[Bau05]

[BDF74]

[BDF76]

[Bec93|

A. Anantharaman and E. Cancés. “Existence of minimizers
for Kohn—Sham models in quantum chemistry”. In: Ann. I
H. Poincaré-AN 26.6 (2009), pp. 2425-2455.

F. Agostini, A. Abedi, Y. Suzuki, and E.K.U. Gross. “Mixed
quantum-classical dynamics on the exact time-dependent po-
tential energy surface: a fresh look at non-adiabatic pro-
cesses”. In: Mol. Phys. 111.22-23 (2013), pp. 3625-3640.

M. Allen and D. Tildesley, eds. Computer Simulation of
Liquids. Computer Simulation of Liquids. Clarendon Press,

1987.

B. Baumeier, O. Caylak, C. Mercuri, M. Peletier, G. Prokert,
and W. Scharpach. Existence and uniqueness of solutions to
the time-dependent Kohn-Sham equations coupled with clas-
sical nuclear dynamics. 2020.

L. Baudouin. “Existence and regularity of the solution of a
time dependent Hartree—Fock equation coupled with a clas-
sical nuclear dynamics”. In: Rev. Mat. Complut. 18.2 (2005).

A. Bove, G. Da Prato, and G. Fano. “An existence proof
for the Hartree-Fock time-dependent problem with bounded
two-body interaction”. In: Commun. Math. Phys. . 37.3
(1974), pp. 183-191.

A. Bove, G. Da Prato, and G. Fano. “On the Hartree-Fock
time-dependent problem”. In: Commun. Math. Phys. 49.1
(1976), pp. 25-33.

A. Becke. “Density-functional thermochemistry. I1I. The role
of exact exchange”. In: J. Chem. Phys. 98.7 (1993), pp. 5648—
5652.

179



[Bel +16]

[BLOS|

[BLS03)|

[BO27]

[Brell]

[BSSS|

[Burl2]

[Cas97]

[Cat+13]

[Caz03|

[CB18]

J. Bellazzini, M. Ghimenti, C. Mercuri, V. Moroz, and J.
Van Schaftingen. “Sharp Gagliardo—Nirenberg inequalities in
fractional Coulomb—Sobolev spaces”. In: Trans. Am. Math.
Soc. 370 (2016).

C. Le Bris and P.-L. Lions. “From atoms to crystals: A math-
ematical journey”. In: Bull. New. Ser. Am. Math. Soc. 42.3
(2005), pp. 291-363.

O. Bokanowski, J.-L. Lopez, and J. Soler. “On an exchange
interaction model for quantum transport: The Schréodinger—
Poisson—Slater system”. In: Math. Models Methods Appl. Sci.
13.10 (2003), pp. 1397-1412.

M. Born and R. Oppenheimer. “Zur Quantentheorie der
Molekeln”. In: Ann. Phys. 389.20 (1927), pp. 457-484.

H. Brezis. Functional Analysis, Sobolev Spaces and Partial
Differential Equations. Springer New York, 2011.

“The classical interpolation theorems”. In: Interpolation of
Operators. Ed. by C. Bennett and R. Sharpley. Vol. 129.
Pure and Applied Mathematics. Elsevier, 1988, pp. 183-289.

K. Burke. “Perspective on density functional theory”. In: J.
Chem. Phys. 136.15 (2012), p. 150901.

F. Castella. “L? solutions to the Schrodinger—Poisson sys-
tem: Existence, uniqueness, time behaviour, and smooth-
ing effects”. In: Math. Models Methods Appl. Sci. 7.8 (1997),
pp.- 1051-1083.

I. Catto, J. Dolbeault, O. Sanchez, and J. Soler. “Existence of
steady states for the Maxwell-Schrédinger—Poisson system:
Exploring the applicability of the concentration-compactness
principle”. In: Math. Models Methods Appl. Sci. 23.10 (2013),
pp.- 1915-1938.

T. Cazenave. Semilinear Schridinger FEquations. Courant
Lecture Notes in Mathematics. American Mathematical So-
ciety, 2003.

R. Crespo-Otero and M. Barbatti. “Recent advances and per-
spectives on nonadiabatic mixed quantum-classical dynam-
ics”. In: Chem. Rev. 118.15 (2018), pp. 7026-7068.

180



[CBYY|

[CGT5]

[CHOS]|

[CL55]

[CMY12]

[ED11]

[Edi22]
[Eval

[GS03]
[Hal13]

|[Har28§]

[HK64]

[HL2§]

E. Cancés and C. Le Bris. “On the time-dependent Hartree—
Fock equations coupled with a classical nuclear dynamics”.
In: Math. Models Methods Appl. Sci. 9.7 (1999), pp. 963-990.

J. Chadam and R. Glassey. “Global existence of solutions to
the Cauchy problem for time-dependent Hartree equations”.
In: J. Math. Phys. 16.1122 (1975), pp. 1122-1130.

T. Cazenave and A. Haraux. An Introduction to Semilinear
Evolution Equations. Oxford Lecture Mathematics. Claren-
don Press, 1998.

A. Coddington and N. Levinson. Theory of Ordinary Differ-
ential Equations. International Series in Pure and Applied
Mathematics. McGraw-Hill, 1955.

A. Cohen, P. Mori-Sanchez, and W. Yang. “Challenges
for density functional theory”. In: Chem. Rev. 112 (2012),
pp. 289-320.

E. Engel and R. Dreizler. Density Functional Theory: An Ad-
vanced Course. Theoretical and Mathematical Physics. Hei-
delberg: Springer, 2011.

Editors of Encyclopedia Britannica, The. “Rutherford
model”. In: Encyclopedia Britannica. 2022.

L. Evans. Partial Differential Equations. Vol. 19. Graduate
Studies in Mathematics. American Mathematical Society.

S. Gustafson and I. Sigal. Mathematical Concepts of Quan-
tum Mechanics. Universitext. Springer, 2003.

B. Hall. Quantum Theory for Mathematicians. Vol. 267.
Graduate Texts in Mathematics. New York: Springer, 2013.

D. R. Hartree. “The wave mechanics of an atom with a non-
Coulomb central field. Part II. Some results and discussion”.
In: Math. Proc. Camb. Philos. Soc. 24.1 (1928), pp. 111-132.

P. Hohenberg and W. Konn. “Inhomogeneous electron gas”.
In: Phys. Rev. B 136.3 (1964), pp. 864-871.

G. H. Hardy and J. E. Littlewood. “Some properties of frac-
tional integrals. 1.” In: Math. Z. 27.1 (1928), pp. 565-606.

181



[HL30]

[How74]

[Jerl5|

[JFF92

[Jos05]
[Kat70]
[Kat73]
[Kat87]

[KS65]

[LanT72]
[Lie83)

[Lio87]

[LLO1]

G. Hardy and J. Littlewood. “Notes on the Theory of Series
(XII): On Certain Inequalities Connected with the Calcu-
lus of Variations”. In: J. London Math. Soc. s1-5.1 (1930),
pp- 34-39.

J. Howland. “Stationary scattering theory for time-
dependent Hamiltonians.” In: Math. Ann. 207 (1974),
pp- 315-336.

J. Jerome. “Time dependent closed quantum systems: Non-
linear Kohn—Sham potential operators and weak solutions”.
In: J. Math. Anal. Appl. 429 (2015), pp. 995-1006.

J. Jean, R. Friesner, and G. Fleming. “Application of a
multilevel Redfield theory to electron transfer in condensed
phases”. In: J. Chem. Phys. 96.8 (1992), pp. 5827-5842.

J. Jost. Postmodern Analysis. Universitext. Springer Berlin
Heidelberg, 2005.

T. Kato. “Linear evolution equations of “hyperbolic” type”.
In: J. Fac. Sci., Imp. Univ. Sec. 1.17 (1970), pp. 241-258.

T. Kato. “Linear evolution equations of “hyperbolic” type,
II”. In: J. Math. Soc. Japan 25.4 (1973), pp. 648—666.

T. Kato. “On nonlinear Schrédinger equations”. In: Ann. I
H. Poincaré-PT 46.1 (1987), pp. 113-129.

W. Kohn and L. Sham. “Self-consistent equations includ-
ing exchange and correlation effects”. In: Phys. Rev. A 140.4
(1965), A1133-A1138.

N. Landkof. Foundations of Modern Potential Theory.
Vol. 180. Springer, 1972.

E. Lieb. “Density functionals for Coulomb systems”. In: Int.
J. Quantum Chem. 24 (1983), pp. 243-277.

P.-L. Lions. “Solutions of Hartree-Fock equations for
Coulomb systems”. In: Commun. Math. Phys. . 109.1 (1987),
pp- 33-97.

E. Lieb and M. Loss. Analysis. 2nd ed. Vol. 14. Graduate
Studies in Mathematics. Providence, RI: J. Am. Math. Soc.,
2001.

182



[LM22]

[LYPS8S)]

[Mal+14]

[Mar06]
[Mau01]

[MBO7]

[Mer22]

[MK11]

[MMV16]

[Mot31]

[Nik74]

[ONe63]

S. Lehtola and M. Marques. “Many recent density function-
als are numerically ill-behaved”. In: J. Chem. Phys. 157.17
(2022), p. 174114.

C. Lee, W. Yang, and R. Parr. “Development of the Colle—
Salvetti correlation-energy formula into a functional of the
electron density”. In: Phys. Rev. B 37.2 (1988), pp. 785-789.

F. Malet, A. Mirtschink, K. Giesbertz, L. Wagner, and
P. Gori-Giorgi. “Exchange—correlation functionals from the
strong interaction limit of DFT: Applications to model chem-
ical systems”. In: Phys. Chem. Chem. Phys. 16.28 (2014),
pp- 14551-14558.

M. Marques, ed. Time-dependent Density Functional Theory.
Lecture Notes in Physics 706. Berlin: Springer, 2006.

N. Mauser. “The Schrédinger—Poisson-Xa equation”. In:
Appl. Math. Lett. 14 (2001), pp. 759-763.

D. Micha and I. Burghardt, eds. Quantum Dynamics of Com-
plex Molecular Systems. Vol. 83. Springer Series in Chemical
Physics. Springer, 2007.

C. Mercuri. Notes on the minicourse: On some classes of

nonlinear and nonlocal elliptic PDEs on RN held at Univer-
sita di Roma Tor Vergata (30/05-10/06/2022). 2022.

V. May and O. Kiihn. Charge and Energy Transfer Dynamics
in Molecular Systems. 1st ed. Wiley, 2011.

C. Mercuri, V. Moroz, and J. Van Schaftingen. “Ground-
states and radial solutions to nonlinear Schrédinger—Poisson—

Slater equations at the critical frequency”. In: Calc. Var. Par-
tial Differential Equations 55.146 (2016), pp. 1-58.

N. Mott. “On the theory of excitation by collision with heavy
particles”. In: Math. Proc. Camb. Philos. Soc. 27.4 (1931),
pp- 553-560.

E. Nikitin. Theory of Elementary Atomic and Molecular Pro-
cesses in Gases. Clarendon Press; 1974.

R. O’Neil. “Convolution operators and L(p,q) spaces”. In:
Duke Math. J. 30.1 (1963), pp. 129-142.

183



[Per86a]

[Per86b]

[PKO3]

[PYS9)

[PZ81]

[Red65]

[RG84]

[RS19

[RST75]

[SCB19]

[Sch+23]

J. Perdew. “Density-functional approximation for the corre-
lation energy of the inhomogeneous electron gas”. In: Phys.
Rev. B 33.12 (1986), pp. 8822-8824.

J. Perdew. “Erratum: Density-functional approximation for
the correlation energy of the inhomogeneous electron gas”.
In: Phys. Rev. B 34.10 (1986), pp. 7406-7406.

J. Perdew and S. Kurth. “Density functionals for non-
relativistic Coulomb systems in the new century”. In: A
Primer in Density Functional Theory: Lecture Notes in
Physics, Volume 620. Ed. by M. Marques, C. Fiolhais, and
F. Nogueira. Springer-Verlag Berlin Heidelberg, 2003, pp. 1-
55.

R. Parr and W. Yang. Density-functional Theory of Atoms
and Molecules. Oxford University Press, 1989.

J. Perdew and A. Zunger. “Self-interaction correction to
density-functional approximations for many-electron sys-
tems”. In: Phys. Rev. B 23.10 (1981), pp. 5048-5079.

A. Redfield. “The Theory of relaxation processes”. In: Adv.
Magn. Reson. 1 (1965), pp. 1-32.

E. Runge and E. Gross. “Density-functional theory for time-
dependent dystems”. In: Phys. Rev. Lett. 52 (12 1984),
pp. 997-1000.

M. Ruzhansky and D. Suragan. Hardy Inequalities on Homo-
geneous Groups: 100 Years of Hardy Inequalities. Progress in
Mathematics. Springer, 2019.

M. Reed and B. Simon. Methods of Modern Mathematical
Physics. II Fourier Analysis, Self-adjointness. New York:
Academic Press, 1975.

M. Sprengel, G. Ciaramella, and A. Borzi. “A theoretical
investigation of time-dependent Kohn—Sham equations: New
proofs”. In: Appl. Anal. (2019), pp. 1-20.

W. Scharpach, Z. Chen, V. Sundaram, and B. Baumeier.
“Time-dependent density functional theory and Green’s
functions methods with the Bethe-Salpeter equation”. In:
Excited States and Photodynamics: From Photobiology to
Photomaterials. Elsevier, 2023.

184



[Sch26]

[Sim86]
[S1a28]
[Sob63]
[Tul98al

[Tul9sb)

[U1112]

[VZ00]

[Yaj87|

|Zag92|

[Zie89)]

E. Schréodinger. “An undulatory theory of the mechanics of
atoms and molecules”. In: Phys. Rev. 28.6 (1926), pp. 1049
1070.

J. Simon. “Compact sets in the space LP(0,T; B)”. In: Ann.
Mat. Pura Appl. 146.1 (1986), pp. 65-96.

J. Slater. “The self consistent field and the structure of
atoms”. In: Phys. Rev. 32.3 (1928), pp. 339-348.

S. Sobolev. “On a theorem of functional analysis”. In: J. Am.
Math. Soc. 34 (1963), pp. 39-68.

J. Tully. “Mixed quantum-classical dynamics”. In: Faraday
Discuss. 110 (1998), pp. 407-419.

J. Tully. “Nonadiabatic dynamics”. In: Modern Methods
for Multidimensional Dynamics Computations in Chemistry.
World Scientific, 1998, pp. 34-72.

C. Ullrich. Time-dependent Density-functional Theory. Con-
cepts and Applications. Oxford University Press, 2012.

J. Vazquez and E. Zuazua. “The Hardy inequality and the
asymptotic behaviour of the heat equation with an inverse-
square potential”. In: J. Funct. Anal. 173.1 (2000), pp. 103~
153.

K. Yajima. “Existence of solutions for Schrédinger evolution
equations”. In: Commun. Math. Phys. 110.3 (1987), pp. 415—
426.

S. Zagatti. “The Cauchy Problem for Hartre—Fock time-
dependent equations”. In: Ann. I. H. Poincaré-PT 56.4
(1992), pp. 357-374.

W. Ziemer. Weakly Differentiable Functions. Sobolev Spaces
and Functions of Bounded Variation. Springer, 1989.

185



	List of publications
	Introduction and background
	Summary of the main results in the thesis
	A brief introduction to quantum mechanics
	The atom model and energy quantisation
	Wave-particle duality
	The wave function
	The time-dependent Schrödinger equation

	Outline of the remainder of the thesis

	Theoretical framework
	Density-functional theory
	Hartree–Fock theory
	Hohenberg–Kohn theorems
	Kohn–Sham theory

	Time-dependent density-functional theory
	The Runge–Gross theorem
	The time-dependent Kohn–Sham equations

	Mixed quantum-classical dynamics methods
	An overview of mixed quantum-classical dynamics methods
	The mean-field Ehrenfest method


	Specifics of the coupled electron-nuclear dynamics under consideration
	The local-density approximation
	The external potential and the system under consideration
	The variational formulation

	Well-posedness results for q>=7/2 in H2
	Evolution-operator theory
	A brief literature review on similar coupled evolution problems
	Preliminary results
	Definition of the feasible regions
	Lipschitz estimates
	Existence and uniqueness of nuclear configurations
	Existence and uniqueness of electronic configurations
	Existence and uniqueness of the coupled solution

	Towards existence of weak solutions for lambda<0,1<q<=5/3
	Preliminary results
	Notes on the Poisson equation
	Energy estimates

	Global existence of approximated solutions
	Towards existence of weak solutions

	Discussion and outlook
	Discussion of our results
	Open questions

	Mathematical preliminaries
	Notation
	Normed function spaces
	Results on normed spaces
	Results on Lebesgue spaces
	Results on Sobolev spaces
	Results on Lorentz spaces
	Other results


	Additional results
	Notes on the variational formulation of the system
	Notes on the energy estimates
	Notes on the quantum-classical second moment

	Summary
	Acknowledgements
	About the author
	Bibliography

