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Abstract. We prove short-time existence and uniqueness of solutions to the initial-
value problem associated with a class of time-dependent Kohn—Sham equations coupled
with Newtonian nuclear dynamics, combining Yajima’s theory for time-dependent
Hamiltonians with Duhamel’s principle, based on suitable Lipschitz estimates. We
consider a pure power exchange term within a generalisation of the so-called Local
Density Approximation (LDA), identifying a range of exponents for the existence and
uniqueness of H? solutions to the Kohn—-Sham equations.
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1. Introduction

1.1. Main result

In this paper we study the existence and uniqueness of solutions to the system

Nnuc

1
e AW Z T wk+(’ . *p)wkﬂpqlwk, (1.1a)
Z T X Nnuc X X
Xp=2E — K p(x)dz + Zp K L}, 1.1b
" MK{ e, 0 ;ﬂ( MXe — X, PP (1.1b)

where N, Npwe € N, Zg € N, Mg > 0, A € R, ¢ > 1 are given, and k = 1,..., Ny,
K=1,..., Ny

We will use the short-hand notation ¢ = (¢1,...,%n,) and X = (X1,..., Xn,..) €
R3Nwee | with

UV = Yr(w, 1), X = Xk(t), r € R, t>0.

In the above equations, for all ¢(+) : [0, Tiay) — H2(R3; CNe) we set

Nei
p=> Il
k=1

Moreover, for all X € R3¥mwe and k = 1,..., Ny, we define

Nnuc

(HIX, plY))s, i= =580k — Z T wk+(|fl| * p) U + ATy (1.2)

The dynamics of the elements X (-) : [0, Tyax) — R3¥me is driven by the acceleration
function A = A' + A%, whose components are defined as

Nnu(,

ZK Zl’f—XK XK_XL
Al X) = d A2 (X) = Z
kPl(X) |90—XK|3 p(z)dz, x(X) K, ;L:#K L|XK_XL|3
(1.3)

The main result of this paper is the following.
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Theorem 1.1. Let ¢ > 7/2 and X\ € R. Further, let v° € H?*(R3;CNet), V0 g R3Nnue
and X° € R3Nwe pe given, with X% # XV for K # L.

Then, there exists T > 0 such that the initial-value problem associated with the
system (1.1) with ¥(0) = °, X(0) = X° and X(0) = V° has a unique solution
(v, X) € X(1), where

X(1) := CY([0, 7]; L*(R?; CN)) N C°([0, 7]; H*(R?; CNe1)) x C2([0, 7]; R3Mmue).

1.2. Physical motivation

Problems such as (1.1) describe the nonadiabatic dynamics of molecular, spin-
unpolarised systems involving an even number N € 2N of electrons and Ny, € N
nuclei with masses My, ..., My, . and charges Z1,...,Zn,,.. See e.g. [2,15,18,20-22,
27,28, 31], which form a sample of the extensive body of literature on both physical
and mathematical aspects of the so-called Density-Functional Theory (DFT), which
comprises the framework of the Time-Dependent Kohn—Sham (TDKS) equations, given
in (1.1a). These equations, which using (1.2) can be written as

i = H[X, |y, (1.4)

describe the electronic evolution in terms of single-particle wave functions v, known in
the physical literature as the Kohn—Sham (KS) orbitals. The TDKS equations have been
extensively considered as an approximation to the time-dependent Schrédinger equation,
which reduces the electronic dynamics to a single-particle description based on the KS
density function p. For convenience, we briefly recall the physical interpretation of each
potential in the KS Hamiltonian H from (1.2), which can be written as

H[X7P] - _%Am‘l_v;:xt[X] +Vch[p]a VHXC = VH"_‘/;(""‘/;: (15)
The different terms appearing in (1.5) are defined as follows. The electrostatic potential

Ve[ X](@) = =) ﬁ

is an external potential, generated by the nuclei, which represents the Coulombic
nucleus-electron interactions. The Hartree potential

Vil = |- 17 % p

corresponds to the Coulombic electron-electron interactions. The remaining term, the
exchange-correlation potential Vi + V¢, is not explicitly known: in the Local-Density
Approximation (LDA) introduced by Kohn & Sham in [20], for the exchange potential Vy
an approximation based on the homogeneous electron gas approximation is chosen [26].
In this paper, we study a generalisation of this exchange potential, of the form

Vilol = A",
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where A € R, ¢ > 1. Hereafter, we set the so-called correlation potential to zero, namely
Ve =0,

and write accordingly Vi = Vax. In most cases, there is no closed form for the
correlation potential, and one has to resort to numerical presentations, which are too
complex to investigate in the same manner we handle the other terms. See e.g. [2,19]
and references therein, where the case V. # 0 is considered in time-independent, resp.
specific time-dependent settings.

In the coupling of (1.4) with the equations (1.1b) describing the nuclear dynamics,
which using (1.3) can be written as

X = Alp)(X), (1.6)

we apply the so-called mean-field, or Ehrenfest dynamics approach, see e.g. [30], [24,
§2.3], [1, §V] and [16, §2.1], based on factorising the total wave function into a product
of fast (electronic) and slow (nuclear) particle parts. In this nonadiabatic mixed
quantum-classical dynamics method, we use a point-nuclei rather than the Born—
Oppenheimer approximation, which would assume some requirements for the system
under consideration. This way, we can neglect the quantum nature of the nuclei, since
these are much heavier than electrons, and consider them as classical point particles.
This mean-field description can be understood as a semi-classical limit of the time-
dependent self-consistent field (or Hartree) method, from which the Hamilton—Jacobi
equation (equivalent to Newton’s law of motion) for the nuclei can be derived. According
to this description the nuclei move subject to a single effective potential of Hellman—
Feynman type, corresponding to an average over quantum states:

Mg Ag[pl(X) = =Vx, W[p|(X)  forall K,
where

Wpl(X) := (Ve[ X], p) 2 @) + Wi (X)),
N,
nuc ZKZL

Won(X) =1 —_— 1.7
( ) QKLZI:KiL |XK_XL| ( )
describe the interaction of the electrons with the external potential, and the Coulombic
internal nuclear interactions by W,,. Note that the exchange term does not appear
in the coupling of (1.4) with (1.1b), as it does not describe electrostatic interaction,
but interactions between the electrons. Also, we note that our equations (1.1) can be
regarded as a Hamiltonian system. The total energy E associated with this system is

given by

E[X,¢] = EynlX, ¢] + WY (X) + Eu[l0]*] + Ex[[¢*],
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where

Nnuc

el
Eran| X, ] - Z M| Xee|* + / IV oty () Pda
=1

is the kinetic energy of the system. The other terms are potential energies:

alof] = } [ LR

is the Hartree electrostatic self-repulsion of the KS electron density, and

E[l0l] / p(a)|2de

is the exchange energy, whose functional derivative coincides with the exchange

potential V. The total energy E as well as [[¢)|| 2gs,cnva) are quantities which are
conserved under the dynamics, as is customary for Hamiltonian systems.

Cances & Le Bris [8] have considered similar electronic evolution equations coupled
with classical nuclear dynamics consistent with the mean-field Ehrenfest approach. They
studied a system involving the Hartree—Fock equations:

HE = HPPLX, R, (1.89)
X = Alp)(X), (1.8b)
Ncl
where p = Z 191 F 2, the Hartree-Fock Hamiltonian is defined as
k=1
HUIX, M) 1= =580 + Vet [X] + Vialp] + VI [],

and
Nel -
(VP i) o= =) @ |- T,
/=1

is known as the Hartree-Fock exchange potential. Here, ¥JI' are single-particle wave
functions. In [8], the result of global-in-time existence and uniqueness of solutions
to (1.8) in H? is based on the celebrated result by Yajima [32] on the existence of
propagators associated with linear, time-dependent Hamiltonians. The proof in [§]
consists of two main steps: a fixed-point argument to show existence of short-time
solutions, based on Lipschitz estimates in H?(R?; CMe1), and a Gronwall-type argument
which relies on energy conservation, conservation of the L?(R3; Ce') norm of 4™, and
estimates of the solutions " in the H?(R? C™e) norm.

To the best of our knowledge, since the paper by Cances & Le Bris [8], only a few
contributions deal with the coupling of a system describing electronic evolution with
nuclear dynamics; this is the case, for instance, of [3], where existence and regularity
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questions have been studied for a similar system, in the case A = 0. Considerable
attention has also been devoted to Schrodinger—Poisson-type equations, which include
the Hartree-Fock and the TDKS equations: see for instance [2,5-7,10,11,14,19,23,33].
We also mention [29], where existence, uniqueness, and regularity questions are
investigated for TDKS equations set on bounded space domains, in relation to control
problems. None of the contributions listed above have considered the combined nuclear
and electronic dynamics as described in our system.

1.3. Paper outline

The paper is organised as follows.
In §2, we recall the relevant results from Yajima [32] on the construction and
properties of a family of propagators

U(t,s) : L*(R?* CNet) — L*(R3; CNe),

with ¢, s € [0, ©], associated with the linear parts of the KS Hamiltonians H[X (t), p] for
t €10,0], with 0 < © < o0, and some results from Cances & Le Bris [8] on the bounds
on the operator norms of these propagators.

In §3 and §4 we define bounded regions Be(7) and By, (7), designed to seek solutions
to (1.4, resp. 1.6) on a time interval [0, 7], and the mappings

N 2 Boy(T) — Buue(T) N C([0, 7]; R3Nme), E : Buue(T) — Ba(7),

which connect these solutions.
In §5, in view of a Duhamel-type argument developed in later sections, we state
and prove some Lipschitz estimates on the nonlinear mapping

Y — Vi [¥[*].

The restriction ¢ > 7/2 arises from these estimates.

Next, we prove in §6 that for some 7 > 0 and any fixed ¢ € By(7), the Cauchy
problem (1.6) has a unique solution X € Byu(7) N C?([0, 7]; Bs(X?)), with Bs(X?)
denoting a closed ball of radius ¢ centred around X, and the mapping N¢)] = X is
bounded is bounded with respect to the C''([0, 7]; R3Mme) topology, and continuous as a
map from C°([0, 7]; L*(R?*; CN1)) to C°([0, 7]; R3e). We construct these solutions as
fixed points of the mapping

TIX])(t) =X+ V% + /Ot(t —0)A(o, X(0))do.

We stress that here A depends on .
Further, we prove in §7 that for ¢ > 7/2, some 7 > 0 and any fixed X € By,.(7),
the Cauchy problem (1.4) has a unique solution ¢ € B (7), and the mapping £[X] = ¢
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is bounded and continuous as a map from C°([0,7]; R3<) to C°([0, 7]; L*(R%; CNa1))..
Similarly, solutions are constructed as fixed points of the mapping

Fe|(t) = U(t, 0)¢° — i /O t U(t, o) Viplt:(0)do.

Using results from §2, §5 and Yajima [32], we show that fixed points of this mapping
are strong solutions to (1.4).

We then prove in §8 that for ¢ > 7/2 and some 7 > 0, the initial-value problem asso-
ciated with the problem (1.1) has a solution (¢, X') in X(7). To this end, we construct
the mapping

K i Boue(T) — Buue(T), K=ToNo&,
where
T : Buue(T) N C%([0, 7]; RBN““) — Bhuc(T)

is the inclusion into By (7); we then apply a Schauder-type argument to K, in the
spirit of [8]. Unlike in [8], we equip By (7) with a weaker C°-topology, which takes into
account nuclear repulsion. The remainder of this section is devoted to uniqueness.

Finally, the Appendix Appendix A is devoted to the notation we systematically
use, comprising that for the norms on different function spaces, such as H?(R3; CMe)
and Lorentz spaces.

1.4. Related questions

Theorem 1.1 can be generalised to LDA-type nonlinearities which are either sufficiently
smooth at the origin p = 0, or enjoy H?-Lipschitz estimates like those obtained in
this paper. This is the case, for instance, of A\;p?~! — \yp®?~1 with ¢1,¢q2 > 7/2 and
A1, Ao > 0, which share a similar structure with nonlinearities involved in various well-
known models in quantum mechanics, such as the Thomas—Fermi-Dirac—Von Weizsacker
model [22]. For this particular example, working with the same functional setting, it
would be interesting to explore, for certain ranges of exponents, the occurrence of either
a blow-up at finite time in the norm of the solutions or the existence of maximal solutions
defined for all ¢ > 0: see [12,13].

Also, it would be interesting to identify a functional setting (and a possibly different
proof) — the most natural one would certainly be H!' — in order to capture the
physically relevant exponent ¢ = 4/3, which is not covered in the present work. We
wonder if a suitable regularisation ‘at the origin’ of the LDA term for ¢ = 4/3 would
allow to cover this case as a result of a limit process.
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2. Preliminaries

The first observation in this section is that the Newton potential

Glor, do] == (¢1¢2) % | - |7, (2.1)
solution to
—A,G = 471 ¢, (2.2)
defines a mapping H? x H? — W2,

Lemma 2.1. For all i,5 € {1,2,3} and every x € R? it holds that

|Gld1, 2] ()] < Ml 2|Vl L2, (2.3)
10:,G @1, d2](2)| S| Vatrll 2|Vl L2, 2
05;G¢1, P2](2)| S P11l 2| 2 222

Proof. By Hardy’s inequality (A.2) and the properties

0,Go1, da] = (P102) * (|| 7?),
0;;Glo1, da] = [(0:01) P2 + ¢1(0;02)] * (]| ™),

for all 4, j and o € R3, it holds

|G[p1, po] ()]
|0:G 1, P2) ()]
|

[(p1, ] - =z d2) 2] S 101l Vadell L2,
(] -
(] -

< (|- =) Moul, |- =] Hdal) 2 S Vet 12| Vadel L2,
10;;Glé1, @o] ()] < (|- —x|Hdidal, | - =] Hda|)r2 + (|- =2 Houl, |- —2]71|0;2]) 12
S V201 || 22| Vatal L2+ (| Vati | 12| V20 d2]| 12
S o1l a2 || d2| a2
This concludes the proof. O

The following lemma generalises [8, Lemma 3], and provides us with useful bounds
on the functions fEf : R3Nme — C3 defined as

Ik(e = VXK (I/Jku ‘/ext [X]l/)f)L27

namely,
=X
IIC(Z(X) = —ZK(¢]€7 ’ . —X]}:|3w£)[/2.

Note that f* effectively only depends on the position X of the K-th nucleus, and that

1 Nel
Al - = fkk
K= ~30 ; K
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Lemma 2.2. For all ¥,,v, € H?, it holds that

Hf;'?gHLoo(RgNnuc;Ca) S IVl 22 ([ Vatbell 2,

and
1D e ey S Il (26)
Here, D is the gradient in R3*Vwe, In addition, we have that & € Wh° N C? for all K.

Proof. By Lemma 2.1, G[¢1, o] € W™ for all ¢1, ¢ € H?. Using

we get

HfIk(gHLoo(RSNnuc;(CS) SJ ||vr¢k”L2“vx¢fHL2v
HDfIk{[”LOO(RSNnuc;CZiXS) 5 m%)é?) HDZG[wkawé](XKM‘(C{%xB /S ||¢k”H2||WHH2

XK

This shows that £ € W', By Sobolev’s embedding in Holder spaces, {1, € ce,

loc

Using (2.1) from Lemma 2.1 and standard elliptic regularity, it holds that G[iy, 1] € C?,
by which f¥ e C*. ]

In what follows we recall some results on the existence of the propagator for
the linear parts of the Kohn—Sham-type Hamiltonian H[X(¢), p] for t € [0,0], with
0 < © < oo, for a given nuclear configuration X € C1([0, ©]; R3Naue),

For some X € C1([0, ©]; R3"e) and 0 < © < oo fixed, we consider the family of linear
time-dependent Hamiltonians { H'™(¢),t € [0,0]} C L(H?*(R3; CMet); L2(R3; CNer))
H™(t) =17, +V (1), (2.7)
where
V(t,") = Ve X (1), (2.8)

Note that H'(t) is the linear part of H[X(t),p], and that for any fixed t is a self-
adjoint operator on L?*(R3; CMet). We emphasise that these expressions depend on the
time evolution of the nuclear configuration X. This family of Hamiltonians is naturally
associated with the Cauchy problem

i =H™)p,  o(s) =1,

on a time interval [0, ©], for some s € [0, ©]. Equivalently, we can formulate the above
as an integral equation

B(t) = Uglt — )i — i / Uo(t — o)V (o) (0)do, (2.9)
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where
Up(t) := exp(itA,/2)

is the free propagator (i.e., the propagator for the free particle), which is an evolution
operator on H?(R3; CNet). The following lemma is in the spirit of [8, Lemma 4], which
in turn is based on [32, Cor. 1.2. (1)=(2)—(4), Thm. 1.1. (2) & Thm. 1.3. (5)—(6)].

Lemma 2.3. For the family of Hamiltonians { H'™(¢), ¢ € [0, 0]}, there exists a unique
family of linear evolution operators

U(t,s) : L*(R3 CNet) — L*(R3; CMNe), t,s € [0,0],
such that

Y(t) = U(t,s)y°
solves (2.9) on [0, 0] for all ¥° € H?*(R?; CNet), with

1)l z2@ecvay = [18°]]2@asera)
for all ¢ € [0,0]. Moreover, this family enjoys the following properties:
(i) U(t,s)U(s,r) =U(t,r) for all t,s,r € [0, O].
(ii) U(t,t) =1d for all t € [0, 0)].
(iii) U(t,s) is a unitary operator on L2(IR?; CM<) for all ¢, s € [0, O]:

1U(t, 3)¢”L2(R3;<cNe1) = |WHL2(R3;<CNe1)-

(iv) For all f € L*(R3CM), ((t,s) — U(t,s)f) : [0,0]> — L*R3;CNe) is a
continuous mapping.

(v) U(t,s) € L(H*(R3;CNer)) for all (¢,s) € [0,0]>.

(vi) For all f € H?*(R3CY), ((t,5) — U(t,s)f) : [0,0]> — H?*(R*CM) is a
continuous mapping.

(vii) For all f € HZ?*R3 CNe), the mapping (t,s) —— U(t,s)f is an element in
C'(]0,0]% L?(R3; CM¢1)), and the following equations hold in L*(R3; CNet):

. 8 in
U 9)f) = HR U5
U 5)) = Ut ) H™(s)].

(viii) For all v > 0, there is a constant Bg ., of the form
Bo, = ASTAO, A,,C, >0,
such that if
HXHCO([O,G)];R3Nnuc) <,
then for all ¢, s € [0, ©]

1U(E, 8)|| c(pzmescrvey) < Boy-
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Proof. The result in the case Ng = Ny, = 1 has been proved in [8, Lemma 4]. We
observe that the argument in [8] is robust enough to be easily adapted to our more
general context of arbitrary Ny, Ny € N. Indeed, since the linear Hamiltonians
H'"(t) do not depend on an electronic configuration 1, and act on every element
independently, the result for general N, follows from the case No = 1. In particular,
properties (i)—(vii) can be justified with an obvious adaptation of the case Ng = 1
proved in [32, Cor. 1.2. (1)=(2)—(4), Thm. 1.1. (2) & Thm. 1.3. (5)—(6)]. We note
that property (viii) can be also justified arguing exactly as for the case No = Nyye = 1
in [8, Lemma 4], observing that our additional terms in the expression of V' can be
estimated in the same way. O

3. Definition of the electronic feasible region B

Let 7 > 0 be finite and define
y = V)1, (3.1)

where the term “+1” allows us to cover the case V? = 0. Let us consider B, as given
in Lemma 2.3 with © = 7, and where 7 is as above. We can therefore define the radius

o(7) = 2B: 41" 2o
for the ball centred around the initial configuration ¢° € H?(R3; CNe!):
Ba(¢°) = {¢ € H*(R? C*) |||l — ¢0HH2(R3;CNc1) < a}.
Finally, let us define the electronic feasible region for the time interval [0, 7] as
Ba(r) = {¢ € C'([0,7]; L*(R* C")) N C°([0, 7}; Ba(4°)) | %(0) = 4°},

equipped with the C°([0, 7]; L?(R3; CN<)) norm, which is designed to contain solutions
¥ to the Cauchy problem associated with (1.4) with 1(0) = ¢° on the time interval
[0, 7], which we may call feasible electronic configurations.

4. Definition of the nuclear feasible region B,

For all 0 < ¢ < ming . {|X% — X7|}, we set

' X% — X9V — mi
5(7_) = man#L{’ K L2’} mln{(srep(T)ag} > 0’

where

Srep(T) ;:KNfMK}v%H NZ KA )eT
rep Fo K ‘X%-Xg‘

K,L=1,
LK

Nnuc 2

ZK 2 T -
* 16[(221 M_KHwHCO([OJ];Hl(RB;CNel))(e B 1)]
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arises from a repulsion argument, given in the lemma below. Note that ¢ > 0 ensures
the strict positivity of §(7), which defines the radius for the ball centred around the
initial configuration X° € R3™we with X% # X9 for K # L:

Bs(X°) = {X e R¥me|| X — XY < 4},

Then, by the triangle inequality, for all X € Bs(X?) and K # L, it holds that

—2|X — X"

XK, Xg,

—20(7) = min{d,ep(7), £} > 0.

> min
K'#L/

We define the nuclear feasible region for the time interval [0, 7] as
BHUC(T) = {X € Cl([O’T]a B5(X0)) | X(O) = X07X(0) = VO? HX||C'0([O,T];R3NHHC) S 7}

with v as in (3.1). This region is equipped with the C°([0, 7]; R3*"me) topology, and
is designed to contain short-time solutions X to the Cauchy problem associated with
(1.6) with X(0) = X° X(0) = V° on the interval [0, 7], which we call feasible nuclear
configurations.

This definition of §(7) is suggested by an a priori lower bound on the nuclear
distances | Xk (t) — X.(t)], K # L, which is based on Gronwall’s lemma. In fact, we
have the following
Lemma 4.1. Fix ¢ € C°([0, 7); H*(R3;C"1)), and X° € R3 such that Xy # X}
for K # L. Let X solve (1.6), and X (0) = X°. Then, for all t € [0,7] and K # L

[ Xk (t) = XL(8)] = drep(T)-

Proof. Writing the momenta Pg := M KX K, we define the classical reduced Hamiltonian

NIlLlC

Hon (X, P) : Z

with Wy, as in (1.7). Fix ¢ € C°((0, 7]; Hl(RB;(CNel)). Now,

|1DK|2

+ Win(X)

d Naue . .
&[HHH(X, P)l =Y [VxHun(X, P) - Xi + Vp, Hun(X, P) - Py]
K=1
NHUC .
= Z {VXK mn (X)) + Mg Xrc}

Nnuc
1.6 P
e (Ve X, )

IN

N,

nuc 1
Z e [|PK|2 + [(Vx g Vet [ X], P)L2|2}
K=1 2K

Nnuc 2

< Hun(X, P)+8) M—f;Hw||2Co([0ﬂ;H1(R3;CNQI)), (4.1)
K=1
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by which, using Grénwall’s inequality, on [0, 7]

Hun(X, P) <
N, N, N,
. nuc 9 nuc ZKZ nuc Z
= % [ZMK\V}H T Z ’XO X0| - 62 T ||@/}”CO ([0,7]; HL(R3;CNel))
K=1 K,L=1, L
L#K
NHUC
-8 Z ’WHCO ([0,7]; H (R3;CNel )) - (4.2)

In (4.1), we use that, by Hardy’s inequality, for all K =1,..., Ny

’(VXK%xt[X]ap)L2’ =

X
-7 ),
Ncl

< QZKZ chﬂ/)k”L? < 2\/§ZK||Vx1/’||L2(R3;CNe1) = 2\/_ZK||1/’||Hl (R3;CNel)

k=1

Ne
< ZKZ I =Xk |
k=1

Estimate (4.2) is enough to conclude, as for all K # L we have

1 1 < 1
2|\ X — X1l — ZkZy,

Win(X) < Win(X) < Hun(X, P).

]

Remark 4.2. A similar argument yields an a priori estimate of the nuclear velocity X.

5. Lipschitz estimates

In this section, we obtain Lipschitz estimates on the mapping 1 —— Vilply =
(Valp] + Vi[p))¥.

Lemma 5.1 (Lipschitz estimates on the Hartree term). For all ¢,¢’ € H(R3;CNer),
with ¢/ = [P,

||VH[ W’ ~ VH[ /M/HL? R3;CNel) < V Ne1||¢ - QWHL2 (R3;CNel) X
{ Na N

> (IVatbrllzz@eses) + 1 Vatbill z2@aseo) 19 | o sevay + Z ([thell 22| Varbe || L2 (r3:co)

k=1 —
(5.1)
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Moreover, for all 1,4’ € H?(R3; CNer)

Nei
Vatlplell sagoevay S VNa D [0kl 190 2 asevan (5.2)

k=1

IVaslplt = Valp'Te" [l 2 rs.ovay S v/ Netll) = 9l s o) X

Nel

D Wellars + 1319 2 essevny + 190l170]-

k=1
(5.3)

Proof. Proof of (5.1).
By adding and subtracting the term (|¢)|?* |- |71)¢}, we can write for all k = 1,..., Ny

I(Vaalplt = Va1l 22 <

SOl |- 1) — e + (el — [0+ |- ks (5.4)

t=1 —. (D) —. (1)

Using the Cauchy—Schwarz inequality in (5.5,5.7), Hardy’s inequality in (5.6,5.8), and
the triangle inequality in (5.8),

(1) < el s 1 17 Hlzoe o — el < eﬁgp{!(\w% |- =T ) 2 MY — ] o e
< ei&gp{HWHmHl = el e Ml — | esiovny (5.5)
5 ||WHL2 ||VxW||L2(R3;<C3)||¢ [ ¢,||L2(]R3;(CNel)a (5-6)
and

(D) < N (lel® = [al) # | - 17 el e
< esssup{|([voe] = [el, | - =] 7 (J0oel + [W41) 22 I ] 2 syover

z€R3
< esssup{llyel = 10illlea (1] =l ellee + 11 =2l il HY loagsenay - (5:7)
xE
S IVt aqrneny + IVtbllaqrnicn) 19/l agassenn e — (5.8)
S (IVatelszanes) + IVl e ¥l I = ¥ lp@ocray. (5.9)

Combining (5.6,5.9) with (5.4) we get (5.1).

Proof of (5.2).
With G as in (2.1), we can write

Nei
Vaalplt = Globw, il
k=1
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Note that for all ¢1, ¢, 5 € H?

(2.2)

AI(G[%; ¢2]¢3) = G[¢17 ¢2]Aa:¢3 + QVz(G[¢1, ¢2]) Va3 — 47TE¢2¢3-

Using (2.3,2.4) from Lemma 2.1, we obtain

1G1D1, P2l @5l 2 < 1Gler, da]llLe |95l c2 S l@allert | @2l e | @5l e
1Gl¢1, @] Auisllrz < (G, do]llLoe ([ Ausllrz S @1l m [ @2l m | @3] 2,
IVa(Glo1, 9a]) - Vas 2 < [|Glor, Galllwioe[Vadsl| 2@sics) S @allal| @2l el @3l

On the other hand, by Holder’s and Sobolev’s inequalities,

0102032 < lldullslldollzsl|dsllLe S Npullm o2l el dsl e

This gives for all k =1,..., Ny

Nep Ne
IValol)ellae < D IGWe Yelullaz S D Ielln 1l gocma)-
=1 =1
Combining these estimates (5.2) follows.

Proof of (5.3).
As in the proof of (5.1), we bound for all k =1,..., N

1A (VH[ [ = Valp' [ )l 2 <

Z{HA Glbe, Vo] (Vr — Vi)llz2 + | A2l GlIWel + 95, [thel — [Wpll] Nl L2}
=) )

As for (5.2), we can bound (I) and (II) using (¢1, P2, ¢3) = (e, Ve, i, — ¥, for (I) and
(1, P2, 03) = (|00e] + W], [10e] — 4], ¢x) for (II). Hence, by the triangle inequality,

18a(Varlpldr = Vaalp' [ p2gs,evay S (B) :=

Nel
= V/Na ) [l + (ellan + 195119 2 seven 19 = ¢ | p2ges cva)-
k=1

(5.10)

On the other hand, by (5.1) we also have
Vailplt — Valp 1o | 2 s icvay S (B). (5.11)
Hence, by (5.10, 5.11), (5.3) immediately follows. O

By Cauchy-Schwarz inequality, for all Cel-valued functions v, we have

Y Vo | < [Y[[Vay]. (5.12)
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Lemma 5.2 (Mean-value estimates for the density). For all a > 1/2, we have
17" = 71 Sa (lolZ" + 1157l = (5.13)

Proof. By the fundamental theorem of calculus

1
a la| __ 2a |,/ |20 g / 2| 2a
o= = D = o) = | [ e = o P

Sa (1 1 D* Mo = ' Sa (WP + WP — ¢
_ (pa71/2 +pla71/2)’w . 1/1/|,

which yields (5.13). O
Lemma 5.3 (Mean-value estimates for the density gradient). For all b > 3/2, it holds
that

Va(p") = V(o) <o (@1 Vath] + Qal Vot DI — o] + Qs[Vap = Vat|,  (5.14)
where

Qu=1r"",  Qa= ("2 Q=
Proof. Using V,p = V- ¢+ - V,(¢) and (5.12) for the pair (¢, 1)),
Vapl S 02Vl (5.15)
Since

V(") So 0" Vapl,

adding and subtracting the term p*~'V,p’, we get for all b > 1

V2 (0") = Va(0")] Sp 07 Vap — Vap| + 10771 = 07| Vap).

By adding and subtracting ¢’ - V,(¢) and 9 - V4, and using (5.12) for the pairs (¢ —
¢/7@)7 (1/}/7 ¢ - ¢/>a (¢ - ¢/7¢) and (W’ ¢ - 77D/)7 we get

IVap = Vaop'| = |t Va() = - Vo (@) + 10 - Votb — ' - Vo (¢))]
< (W =) - Vo) + [0 - Vo — )]
+ 1 =) - Voo 4+ [¢7 - Vit — ¢)]
SIVLYl[Y — | + VP Vot — V. (5.16)

By (5.13) with a =b—1 > 1/2 and (5.15) for p/, we get

|pb_1 . p/b—1||v$p/| Sb (pb—3/2 + p/b—3/2)p/1/2|vx¢/||¢ . ¢’|

Putting these estimates together gives (5.14). O
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Lemma 5.4 (Lipschitz estimates on the local nonlinearity). Let ¢ € [1,00), and X € R.
For any fixed p € [1, 00] and for all ¢, € H?(R3 CNet) N LP(R3; CNet), it holds that

Nel
2(qg—1 2(g—1
IVelol = Valo I oqgncrny San D [Iel78 " + IS e = oo
k=1

(5.17)
Moreover, for all ¢ > 7/2 and any A € R, we have that
IVilplt = Vilo 1o | sz gsevay <
< ['q,A(maX{||77Z)||H2(R3;(CNel)7 ||¢/||H2(R3;6Nel)})||¢ - ¢/||H2(R3;CNel)7 (5-18)
where £, : R — R{ is a polynomial function which vanishes at the origin.
Proof. Proof of (5.17).
By the fundamental theorem of calculus,
Vilelw = Vil lo'| = (Al PP — o/ [P Dey|
1
d _
Su| [0+t =)D+ oy - vl
0
1
5(1 |¢ . 77Z)/l/ |¢/ _’_t(w QO ¢/)|2(q—1)dt
0
< (10l + [ D2V = ¢ S (0771 + P = ).
Since H? is embedded into L°°,
Nel
ol Sa D Inllite (5.19)
k=1

for all a > 0. Taking a =¢— 1> 0 (5.17) then follows.

Proof of (5.18).

Taking p = 2 in (5.17), we only need the L*(R?; CNe') norm of A, (Vi[p]t) — Vi[p']¢) in
addition to get the H?(R3; CM¢') norm estimate. Using the product rule for the Laplacian
in R?, we get

Ax(v;([p]¢ - ‘/x[pl]wl) = )‘{ gq_le@ﬁ - p,q_lAa:w/ +?[vx(pq_l) : wa _ vx(p/q_l) : wa/l

—. 0 —. (1)
+ A" = A (5.20)

[

which is in CNe!. We discuss the terms one by one.
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Term (1).
By adding and subtracting the term p? 'A%’ and using (5.13) with a = ¢—1 > 1,

(D < " A — At + |7~ = p 7| Agy|
Sq A1l Aat[[¢ — ' 4 A Agtp — Ayt (5.21)

where
3/2 3/2 —
= o822+ 101527, A= |lp)le

Term (11).
By adding and subtracting the term V,(p? 1) - V¢,

IVa(p?™) - Vath — Vi (p771) - Vo' | <
(Vo (pT || Vath — Vot | + [V || Va(p?) — V(7).

We get

(5.15)

V(™™D = (a = DIp"2(IVapl S (g = Dlpli=7 Vel
Using this and (5.14) with b=¢ —1 > 2,

(D] Sq (BilVatl Vot + Ba| Vot )¢ — |

where
1/2 5/2 5/2
= lloll%:2, = 12121527 + 10119227,
2} 2 1 2
Bs = ||p]| % = ol 2101112
Term (I11).

By adding and subtracting the term A, (p? 1)1/,

(D] < [Au(p ][0 = &/| + |Aulp™™) = Aa(p ] 1172
—— P

=:(a) =:(b)

Using Ayp =1 - Agh + Ayt - 1 + 2|V, 9|? and the Cauchy—Schwarz inequality,
[Bapl S ol 21 A+ V0. (5.23)

Hence

(5.15

) B
(a) Sq (0= 2) 117 |Vapl? + 10172 Aup] S 01%2[(20 — 3) Vb + |Ipll 21 At
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By similar reasoning, we get, by adding and subtracting the terms p?=3|V,p/|?
and p?2A,p/,

(b) Sq (@ =2) (01" [IVapl® = IV Pl + 107 = 0772 [Vap [P) +1p]72 | Aup — Dgp|
=:(i) =: (i) =: (iii)
+ |72 = AL

-~~~

=:(iv)
By (5.15) we get

(1) < (IVapl + [Vap ) Vap = Vap'|

51
< <pr|”2yvm\+|rpH”2|vxw|>(rw VIV + 10112 Vath = V')

Furthermore, using (5.13) with a = ¢ — 3 > 1/2% and (5.15) for //,

(i) <o (Il + 10152 e |Vt Pl — ).

In addition, by adding and subtracting the terms ¢'- A1) and A+, using the triangle
and the Cauchy-Schwarz inequalities,

(ifl) = |2V — [Vt |P) + (b — §') - At + (Agtp — Ay)) -/
(¢_¢) m¢+( mw_A:cw, w,|
S (IVatd] + Vot NVath = Vot | + | A0 [0 — &' + (10121 A0t) — Agt].

Furthermore, using (5.13) with a = ¢ —2 > 1 and (5.23) for p/, we obtain

(1v) So (Il 4 10122 01212 + Va2 — 2.

—

Altogether, we get

()] < (CLVt* + Col Vit [ Varl/| + C5 Vat'|” + Cal At | + Cs| Aatl/|) |1 — ¢

+ (Cs|Vatp| + C7 Vo) | Vath — Voil'| + Cs| Agtp — A1), (5.24)
where
=l ol + 10152, Co = 1lpl &2 lzee
upuLw[upWI7”<1%—upuLw>+—Hp\P P+ 1))
cpwmqwmw”wwﬂ+n \mmquwﬂwmwwﬂ
ww”%mW%wwﬂme% = pl&2 1P 12 (ol e + 12z )
= ol 52110 || -

Conclusion of the proof of (5.18).
The function £ can be split into terms £ = Lo + L1 + L1 + L. As discussed at the

1 Here is where we use the restriction ¢ > 7/2.
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start of this proof, £y is the contribution of estimate (5.17) for p = 2. The other terms
stem from (I), (IT) and (III) in (5.20), and are obtained taking the L? norm in (5.21,
5.22 resp. 5.24). For instance, in the expression of Ly all scalars C; can be bounded
using (5.19). Likewise, the term [¢) — 9| as well as the remaining factors involving C4
and C5 can be bounded with their H? norms. The other summands, and £; and L,
can be estimated similarly, and this concludes the proof. O

Lemma 5.5 (Lipschitz estimates for the nonlinearity). For ¢ > 7/2 and any A € R,
there exists a polynomial function which vanishes at the origin .%, , : Rf — Ry, such
that for all ¢, ¢’ € By (T)

[Vir[plt — Vi [P/W/HCO([O,T];H%RS;(CNel)) <

< Ly (1) + 100 2 gs.cvay) 19 — UMl 0o (o 2 sV (5.25)
HVHX[p]w”C’O([O,T};H2(R3;(CNel)) <
< (afr) + ||¢0||H2(R3;«:Ne1))°%,k(a(7') + ||77Z}0||H2([R3;((2Ne1))' (5.26)

Proof. By (5.3) in Lemma 5.1 and (5.18) in Lemma 5.4, we have, for all ¢,¢’ €
C([0, 7]; H*(R?; CN)), that

[Virc[p] — Vi [p,]l/}/||CO([O,T];H2(R3;(CNel)) <
< gq,A(maX{WHCO([O,T];H2(R3;<cNe1))> W’H00([0,T];H2(R3;0Ne1))})W - wlHC’O([O,T];HQ(R3;CN61))7

(5.27)

where .7, is a polynomial by construction. Note that (5.25) follows from (5.27) by
definition of B (7). In particular, (5.26) follows from (5.27) setting ¢’ = 0. O

6. Existence and uniqueness of nuclear configurations

In this section, we prove a local-in-time existence and uniqueness result for the Cauchy
problem associated with (1.6) for given ¢ € By (7) and X (0) = X9, X (0) = V(0), with
X0 VO € R3Nwe guch that X% # X9 for 1 < K # L < Nyye.

Lemma 6.1. Let VV° € R3Vme and X0 € R3Mmwe he given, with X% # X? for K # L.
Then, there exists 7 > 0 such that the following properties hold. For given ¢ € B (1),
the Cauchy problem associated with the system (1.6) with X (0) = X° and X (0) = V°
has a unique short-time solution X € Byy.(7) N C*([0, 7]; Bs(X?)). The mapping

N 9 € Ba(7) — X € Buue(T) N C3([0, 7]; R3Nme)

is bounded with respect to the C* ([0, 7J; R*™<) topology, and continuous as a map from
CO([O,T]; L*(R3; (CNel>) to C’O([O, T];R?,Nmm)'

Proof. Part 1: Ezistence and uniqueness of X in C*([0,7]; Bs(X?)).
Since ¢ and so p are given, we write the acceleration function from (1.6) without
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parameters for now: A = A(t,X). Note that ¢ is an explicit variable for the Ak
terms, but not for the A% terms.
We define the compact set

(1) == [0,7] x Bs(X°).

Note we drop the dependence of this set on 7. By the triangle inequality, for
all X € Bs(X% and K =1,..., Ny

[ Xk| < X< X0+ X = XO] < [X°+6(7). (6.1)

First, we prove A is continuous in (¢, X) on s». To this end, we pick a sequence
{(tn, X0) Inen C 2 with (t,, X,) ©—25 (t*,X) € 3. The functions Ak give for all
n, using the Cauchy-Schwarz and Hardy’s inequalities,

|A}((thn) - A}((t*v Xn)| rS
Nel

S D Xk =172 Wkltns ) = (Wt )22

S (X =1 maXWk( W [ Xze — 17 1t ) — Un(E",)1) 1o

t€[0,7]
k=1

Nel
S IVatbillzeqoriza@econ | Vet (tn, ) — Vot (£, )| z2meses) ——— 0,
k=1
as ¢ € C°[0,7]; HY(R? CM)). Using this and Lemma 2.2, by which AL (t*,:) €
CORme; ),
|A}((thn) - A}((t*,X” S |A1 (th ) - A}((t*’XNM + ’A}((t*vXn) - A}((t*,X”

n—->00
% O

for all n. The functions A% are not explicitly time-dependent, and are continuous
on B;(X?), hence on s.
Since A is continuous on the compact set s, it is also uniformly bounded on sc. By

Lemma 2.2,

HA}K‘|00([0,T];W1*°°(Ba(XO);C“)) S W||200([o,r];H2(R3;<cNe1))’
since 1 € By (7). The functions A% are bounded on Bs(X?) by
NI]U.C

1
|4 e maxone) | —=
K (Bs(X9);C3) L%:#K ’XK—XLP

Lo°(B5(X0);C)

Furthermore, by Lemma 2.2, AL(¢,-) is uniformly Lipschitz continuous for all ¢ € [0, 7]
and K, as

IDAK(t, ) [ gasconay S Z IDFRE (8, Moo gasemay S NG00, 2 s ey
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since ¥ € Bqy(7). For the A% terms, we note that the functions X —— (Xgx —
X1)| Xk — Xp|73 are locally Lipschitz on Bs(X?). Therefore, A is Lipschitz continuous
in X € B;(X°) and uniformly in ¢ € [0,7]. We denote the corresponding Lipschitz
constant by Cp,, dropping its dependence on 7.

Now, we define T as the following mapping on the complete metric space
CY([0, 7]; Bs(X")), equipped with the C°([0, 7]; R3¥») norm:

t
TIX)(t) = X"+ VOt + / (t —o0)A(o, X (0))do. (6.2)
0
By the boundedness of A,
0 0 s
ITTX] = Xl cogo,rranme) < V7|7 + 7”1‘1”00(%;@3%@

for all X € C9([0,7]; Bs(X")). Note that 7 maps C°([0, 7]; Bs(X?)) into itself, as for
7 > 0 small enough it holds that

2
.
VOIT + [ Allen gy < 0(7):

Hence, for all X, X’ € C°([0, 7]; B5s(X?)),

ITX] = TIX Mlesoasne) < s [ (¢ = 0)|A(e: X () = Ale, X'(0))ldo

te[0,7]
< CLT2
- 2

||X - X/”CO([O,T];R?’NHHC)v

Note also that T is a strict contraction on C°([0,7]; Bs(X?)) in the C°([0, 7]; R3Nuue)
norm, as we can always shrink 7 > 0 so that

CLT2
2

<1

holds. By the contraction mapping theorem, 7T has a unique fixed point in
C°([0,7]; Bs(X?)).  Because of this, (1.6) has a unique short-time solution in
([0, 7]; B5(X?)).

Part 2: Localisation of X in Buu(T).
Integrating the ODE in (1.6), we get

HXHCO([O,T];R3Nnuc) S ’VO‘ + THA||CO(;{;(C3N“UC)'
Note that X € Buu(7), picking 7 > 0 smaller if necessary, so that
THAHCO(%;CSNIMC) S 17

holds. Therefore, X € Bu.(7) N C?(|0, 7]; Bs(X?)).
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Part 3: Boundedness and continuity of N .
From (6.1) with (3.1), A is bounded in the C''([0, 7]; R3N»<) norm:

1X e o.rpmsmoney < X +6(7) + 1.

In order to prove continuity of N in the C°([0,7];R3* =) norm, we consider a
sequence {1, fnen C Bey(7) such that 1, “——> 1) € By(7) in the C°([0, 7]; L*(R3; CNet))
norm. Similarly to X = N[¢], we define X,, := N[¢),] and p,, := |¢,]?. Note that X
and X, are fixed points of the mapping 7 introduced in Part 1 of the proof. Using this,
for all ¢ € [0, 7]

[(Xn = X)()| < /O (t = 0)[Alpn](X (o)) — Alp](X(0))|do, (6.3)
where

|[Alpn](Xn(0)) = Alpl(X ()] < (1) + (1D),

Nnuc

D) = Y [Aklpal(Xa(0)) — A [pl(X(0))],

Nnuc

(1) = ) [Ax (Xa(0)) — AR(X(0)]:

We further bound

(D) < (Ta) + (Ib),

Nel

(Ia) = Z (@Z)k(ta ')’ E( T XK)<¢nk(tv ) - wk(t’ ')))L2
+ <wnk(t7 ) - 1/%(75; ')v E( - XnK)wnk(t7 '))L2 y
(Ib) = i: |(’¢k(ta ')7 E( - XnK)wnk(ta '))L2 - (wk(ta ')7 E( - XK)¢nk<t7 '))L2|a

where we use for short-hand notation the function Z : R?* — R? (a.e.), z — x|z|~3.
Arguing as in [8, p. 980, (Ia) is bounded by

Nel

Bu=  sup (|| ult ) + dunlt ) | =l T (t ) = ea(t )

1 (t:2)€[0,7]xR3

n—--auo0
— 0,

as P, — 1) in C°([0, 7]; L*(R3; CNe1)). We also have

Nel
k=1
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where G is as in (2.1), and where we used that the functions V,G[¢, 1,x] are uniformly
Lipschitz continuous in X for uniformly all ¢ € [0,7]. So is (II), with some Lipschitz

constant ngn. For all n, Cle and C’%jn are uniformly bounded by Ct, since all 1, and

¢ are taken from the bounded set By (7). Altogether, from (6.3) we obtain
HXn - XHCO([O,T];]R3NnuC) S TQHXTL - XHCO([O,T};R:;Nnuc) —|— T2/87’L'

It is then clear that for 7 small enough the conclusion follows. O

7. Existence and uniqueness of electronic configurations
In this section, we prove a local-in-time existence and uniqueness result for the Cauchy
problem associated with (1.4) for given X € Byu.(7) and ¥(0) = ° € H?*(R3; CNer).

Lemma 7.1. Let ¢ > 7/2, A € R. Let ¢° € H?*®R3 C") be given. Then, there
exists 7 > 0 such that the following holds. For given X € By,.(7), the Cauchy problem
associated with the system (1.4) with (0) = ¢° has a unique short-time solution 1) in

Bel(T).

Proof. This proof is based on Lemma 2.3, which ensures the existence and the
L(H?(R3;CNe)) bounds of the propagator U(t, s) for the family of linear Hamiltonians
{H"™(t),t € [0,7]} from (2.7), and on Lemma 5.5, which ensures that the nonlinear
mapping 1) — Vig[p]t is locally Lipschitz in H?(R3; CNet).

We define F as the following mapping on the complete metric space C°([0, 7]; By (¢°)),
equipped with the C°([0, 7]; H?(R3; CNet)) norm:

Fol0) = U160~ [ U(t.o) Vi (o)
Note that we obtain for all ¥» € C°([0, 7]; B (1?)), using Lemma 2.3 (ii),
F[](0) = U(0,0)4° = 4. (7.1)
Note also that, provided
[1+ Bry + 7By (2Bry + 1) Zya(a + 4] p2gsicva))] < 2Brs, (7.2)
F maps the complete metric space C°([0, 7]; B,(¢°)) into itself, as
1F ] = ¢°ll oo, 2 maevany) =
- w0 - 14w —i [ vt.aWilieo]
< BT7’7(||¢OHH2(R3;CNe1) + THVHx[PWHCO([U,T];H2(R3;CNeI))) + ||¢0||H2(R3;cNe1) (7.3)

(5.26)
< [1+ Bry + 7B, (2B, + DZa(a + 197 aggs ovay) | 190 2ecva)

CO([0,7]; H2(R3;CNet))

(7.2) .
< 2B, [[v ”H2(R3;<cNe1) =q,
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where we used Lemma 2.3 (viii) in (7.3). Moreover, note that, provided
7B Zya(a(T) + ||¢0||H2(R3;<CNe1)) <1, (7.4)

F is a contraction on C°([0, 7]; B,(¥°)) in the C°([0, 7]; H?*(R3; CNet)) norm, as for all
b, € ([0, 7]; Ba(¢0))

||]: ||CO ([0,7]; H2(R3;CNe1)) —
H/ 2) Vi plb(0) — Vis 10/ () o
CO([0,7];H?(R3;CNer))
< 7B Vil — Va0 T0 | co (o, 12 (2scMer ) (7.5)
(5.25)

< TB v Laala+ ||¢0\|H2(R3;@Nen))||¢ - d/HCO([O,T];HQ(R?’;(CNeI))7
where we used Lemma 2.3 (viii) in (7.5). By the contraction mapping theorem, F has
a unique fixed point in C°([0, 7]; Ba(¢?)).
Note that we can always select 7 > 0 small enough such that the inequalities
(7.2,7.4) are satisfied. Recall that B, . and « are of the form

Broy = ATOT,alr) = 247974 2 s o)

with A,, C, > 0 as defined as in Lemma 2.3 (viii). In fact, picking A,, C, large, (7.2) is
true for 7 = 0 and by continuity, for 7 > 0 small enough.

It is now left to prove that this fixed point, simply denoted by v, is also of
class C1([0, 7]; L*(R3; CNe1)); namely, it solves (1.4) strongly on [0,7]. To this end,
we consider the following identity, which holds for all 0 <t <t < 7:

t') —(t U,0)—U(t,0 U, 0)—U(t
ZID() ¢():<R):Z(’) (a)wo_i_/ (70> (,0‘)
v —t t—t o v —t

*ZﬁuﬂﬂwmwwMa

t—t

Vi plp(0)do

and we show that
t'—t
I(R) — H[X(2), p]¢(t)’|L2(R3;CNe1) — 0.
This will imply that ¢(-) is differentiable as a mapping [0, 7] — L*(R3; C"e) such that

i (t) = HX(t), ple(t).
Note, in particular, that for a given X € Bu.(7), H[X(),pl(:) is a continuous
mapping [0,7] —— L?(R3;CM¢), which will imply that ¢ € C'([0,7]; L*(R3; CNe1)).
We bound
I(R) = H[X (), plo ()| 2 g,y < (1) + (1),

.U, 0) = U(t,0) YU, 0) - Ul(t,o)
I).—Hz T wo—l—/o T

Vir[plib (o) — H" (£ (1)

L2(R3;CNet)’

1= | [ 2D flotorto — Vil

L2(R3;CNel)
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We get
. () ¢ a lin
0= [ 00+ [ S 1000] ., .,
= HHII“(t)[Uu,ow |
+ / —iH™ ()[U (¢, 0) Vil plyo(0)]do — H™ () (1) (7.6)
0 L2(R3;CNel)

= [H™OF (0] = O] 2 @sieve) = 0, (7.7)

where we used Lemma 2.3 (vii) (see also [32, Thm. 1.3. (6)]) in (7.6), the linearity of
the Hamiltonians H'™(¢) and v being a fixed point of F in (7.7). On the other hand,

(I1) < (a) + <>
/ (t, 0) Vi oo (0)do — Vi [plth(t)

t—t L2(R3;CNe1)’

U(t, o) Vax[p|t(o)do

L2(R3;CNet)

In the limit, (a) goes to zero, because of the fundamental theorem of calculus for Bochner
integrals and Lemma 2.3 (ii). Moreover,

lim (b) < hmt i / U, 0) = U(t, 0)Viae ol (0) | 2 (rs.cveydo

< lim (|[U(E, ) = U )Vaslpl$lleo o, r2eseveny = 0, (7.8)

t/

where we used the uniform continuity of U(t,s)Vi[p](s) on [0,T]? together with
Lemma 2.3 (iv) in (7.8). Since v also is a fixed point of F, by which ¢(0) = F[¢](0) = °
(see (7.1)), we know ¢ is a strong solution to (1.4) on [0, 7].

Now, we show uniqueness of the short-time solution ¢ to (1.4) in the
class C1([0, 7]; L2(R3; CNe)) N C([0, 7]; Bo(?)): although the classical contraction
mapping theorem also provides uniqueness, this is only in the class C°([0, 7]; B (¢°)).
So, now we prove uniqueness in the different space C1([0, 7]; L*(R3; CNe1)). To this end,
we let ¢ and ¢ be two short-time solutions to (1.4) in C*([0, 7]; L*(R3; CNe1)). First,
(¢ —)(0) = % — ¢p° = 0. Moreover, for all k = 1,..., N, using the PDE in (1.4),

d d
qu% —Yill32) = a((l/)k — Yy, U — Uy 12)
= (Y — P}, U — Vp) 12 + (Y — ¥, b — )12 = (I) + (10),

where, using that the linear Hamiltonians H'™(¢) are self-adjoint on L?(R3; CNel),

(1) = i [( — b (H (1) (& — )12 — ((HO (1) (& — 0))eo = h)z2] = 0,
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and

(1) = i [(Vinclpt) = Va1 )iy e = ¥3) 2 — ((Virelplt — Vi 010 )k, or — ¥ 2]
= 2Im((Vax[p]t) — VHX[pl]w/)ka Uy, — wllc)LQ'

Using this, we get

Nel

d d
19 = ¥ Bagmsemy) = D 31w — 01 132)

k=1

= 2Im(Vax[p]t) — Vi [PIW,, (e ¢/)L2(R3;CNe1)

< CH¢ - w,||iQ(R3;CNe1)7
Where O = C(||w||CO([0,T};H2(R3;CN61))7 ||¢,||CO([O7T];H2(R3;CN61))7T7Q7 )\,Nel) > O stems from
the Cauchy—Schwarz inequality and combining (5.1) from Lemma 5.1 and (5.17) from

Lemma 5.4. Finally, by Gronwall’s lemma we get that ¢ = ¢’ and this concludes the
proof. O

Lemma 7.2. Let ¢ > 7/2 and A € R. Let 7 > 0 be such that the following holds: for
given X € Bpu(7), ¥ € Bq(7) is the unique short-time solution to (1.4). Then, the

mapping
E: X € Bnuc(T) | — ¢ S Bel(T)a
is bounded and continuous as a map from C’O([O, Tl; RgN““C) to CO([Oy 7]; L*(R?; CNEI))-

Proof. Since By(7) is a bounded subset of C°([0,7]; L2(R3; CNe1)), the mapping &
is bounded in the C°([0,7]; L*(R3;CNe)) norm. In order to prove continuity of &
as a map from C°([0, 7]; R¥"<) to C°([0,7]; L*(R?* CN<)), we consider a sequence
{ X hnen C Buue(7) such that X, " X € Buu(7) in the C°([0, 7]; R3Nae) norm.
Similarly to ¢ = £[X], we define v, := £[X,,] with p,, := [¢),]?. Then,

o (= 0) = HIX, = 9) + G (= 9)(0) =0
with

Cn ::Cic_{'CQ +C3
Co = Vext[Xn]tn — Vext[X]0 = Ve[ X] (00 — ¥) = (Vext[Xn] = Ve[ X]) i,
2 = Valpn]tn — Vulplt — Vaalpl (W — )

= ZE{RGWM — ) (Wt + 1)+ - [T s (7.9)
¢y = Vilpn]tn — Valplt = Vilpl (W — ) = A[pZ " — p% in,

where we used |al? — |b> = Re[(a — b)(a + b)] in (7.9). We denote by {H[X(t),p],t €
[0, 7]} the family of KS Hamiltonians for the given X € By,.(7). Note that since ¢ and
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thus p are fixed now, these Hamiltonians are acting linearly on ¢, — 1, and can thus be
written, similarly to (2.7), as
H(t) = =34, + V(1) + Vi)

with V' from (2.8). The linear potential V'(¢) + Vi [p| satisfies Assumption (A.1) of [32,
Theorem 1.1]; hence, there exists a family of evolution operators {4l(¢, s), (¢, s) € [0, T]*},
associated with this family of Hamiltonians, satisfying properties (i)—(iv) of our
Lemma 2.3. By this, from which it follows that for fixed t € [0,T], U(¢,-)¢, €
C°([0,t], L*(R3; CNet)), and [32, Cor. 1.2. (4)], we can argue like [8, p. 982], and
the corresponding integral representation holds for all ¢ € [0, T7:

( — 0)(t) = —i / U(t,0)Ca(0)do

Using Lemma 2.3 (iii), we bound for all n € N and ¢ € [0, 7]

1o = ) D)oy S 3 / 12 ()]s do

je{1,2,3}
So, now we deduce L?(R3; CNet) estimates on ¢4 (o) for j € {1,2,3} for all o € (0,t),
using that 1, and 1) are elements in B (7), which makes them uniformly bounded with
respect to n in C°([0, 7]; H2(R3; CNet)). For j = 1, as noted in [8, p. 982], it holds for
all 0 <o <t <7 <T that

n—=aoQ

HC}"L(O—)HL%R?’;CJ\%I) <Cip——0

for some Cy, = C1,(a,¢°) > 0. For j = 2, we use the mapping G from (2.1). This
gives for all o € (0, 1)

Nei
12 ()| 2sicvery < D NG nr(0) = r(0), k(@) + Vr(0)]l| e [1ton ()| 2 s.cver)

k=1

S Z [k (o (@) 22 [[9nk (@) + @) || 21| oo (0,71, 2 w37

< 02||¢n(0) - (U)||L2(R3;CNe1)
for some Cy = Cy(ar,¥°) > 0. For j = 3 and all o € (0,¢)

(5.13)
3/2 3/2 1/2
1 () a@aevey S g (oL + (G2 0n(0) 2 100 (0) — ()| 2msicve
(5.19

)
< Gsl[Yn(o) = ¥ (o) 2 @sicvay,
for some Cs = C3(q, a,9°) > 0. Combining these three estimates, for all t € [0, 7]

t
[(n — VYOl L2 @sycrey < CraT + (Ca + 03)/0 [(¥n = ) ()| L2 @3 ,cverydo,
Now, by Gronwall’s lemma, we conclude that for all ¢ € [0, 7]

” (wn - w)(t)”L%R?’;CNel) < C’Lnf;-e(c?f'cza)t’

and this concludes the proof. O
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8. Proof of Theorem 1.1

In this section, we prove the main result, Theorem 1.1.

Lemma 8.1. Let ¢ > 7/2 and \ € R. Further, let ¢° € H?(R3;CNe1), V0 € R3Mowe and
X0 € R3Nwe he given, with X% # X9 for K # L.

Then, there exists 7 > 0 such that the initial-value problem associated with the system
(1.1) with ¥(0) = ¥°, X(0) = X° and X (0) = V° has a solution (1, X) € X (7).

Proof. Let T > 0 be such that the following statements hold. For given 1) € B (1), (1.6)
has a unique solution X € By (7) N C?%([0, 7]; B5s(X?)), and for given X € Byu(7), (1.4)
has a unique solution @ € B (7). Existence of such 7 has been proven in Lemmas 6.1
and 7.1. We define the inclusion

T : Boe(7) N C3([0, 7]; R3Voue) 5 Byio(7),
which is a continuous and compact mapping. Also, we define the mapping
K2 Boue(T) — Bhue(T), K:=ZoNo&.

Since by Lemma 6.1, A/ is bounded in the C([0,7]; R3* <) topology, by the Arzela—
Ascoli theorem it follows that K is a compact mapping, where B..(7) is equipped with
the C°([0, 7]; R3e) topology.

By the classical Schauder’s fixed point theorem, K has a fixed point X in By (7).
Setting ¢ := E[X], the corresponding pair (¢, X) is the desired solution, and this
concludes the proof. O

Lemma 8.2. Let ¢ > 7/2 and A € R. Let (X, %), (X',¢') € X(7) be two solutions to
(1.1) for some 7 > 0. Then, for all ¢ € [0, 7]

(X = X")(1)] < CH(X - X’)( )+ 11 = ) ()] .00 mssovan)], (8.1)
1% = ) ()] go.0e m3icvery < \/Ta XN(@) + (W = ¢')(0) | 1.0 (rs,cven)]do,
(8.2)

where C' = O(||¢’|00([0,T];H2(R3;cNe1))a ||¢/||CO([0,7—];H2(]R3;(CNe1)))'

Proof. We focus on justifying each estimate separately, as follows.
Proof of (8.1). In this proof, we use for short-hand notation the function = : R® — R3
(a.e.), T — z|z|™3 again.

For allt € [0,7] and K =1,..., Npye
|(Xx — X ) ()] < [AR[p(ONX (1)) = AR [o' () (X (1)) + AR (X () — AR(X'(1))]

< (I) + (I1) + (I10),
(1) = |Ak[pM)](X (1)) = Ak [p(DI(X' ()],
(I1) = | Ak [p(0)] (X' (1)) — Ao ONX (D),

(ITI) := | A% (X (1)) — AR (X" (1))].
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By Lemma 2.2 on the force functions, Aj[p] are uniformly Lipschitz continuous in the
nuclear variable for all ¢ € [0, 7] and K, by which

Z! (1), 20— Xk () n(t)) 12 — (Ve (t), E( — X (8)) e (t)) 2|

‘g CHl(Xk — X3)(1)] < CHl(X = X')(8)]

fOI' some OI = CI(HwHCO([O7T];H2(R3;CN81))) > O AISO,

(I1) < Cull(¥ — ) ()| s.0o maseveny

for some Cu = Cu(l|v'llcoo,mm@sscven [V lcogorsm2@sicvay)) > 0 by Holder’s
inequality in Lorentz spaces (A.1) and the fact that || - ||g5 € L¥**. Since X, X’ €
Boue(T), we bound (III) similarly to Part 1 of the proof of Lemma 6.1:

Nnuc
(I1T) Z 2((Xx = X0)(#) = E((Xg = XD ()] Saxo [(X = X))
L;AK
Since these results hold for all K, (8.1) follows.
Proof of (8.2).
Similarly to the proof of Lemma 7.1,
0 ~
i (¥ =) = — 580 (% = ¥) + Ve [X](¥ = ¥') + Vi o] (¥ — ¢) + ¢,
(¥ = 4")(0) =

where ( := Zl—I—EQ—f—Zg, with for j € {1,2, 3}, Zj being ¢7 with (X,,,1,) — (X', ¢'). As
the operator —A, /2 generates the free propagator Uy, we write the equivalent integral
equation for all t € [0, 7]

(Y —")(t) = —i/o Uy (t = o) {Ves[ X ()] (0 — ¥")(0) + Vise[p) (¢ — ¥) (o) + {(0) }do.
We recall that by [8, Lemma 6], for all ¢ € (0,7] and f € L%?, it holds that

[Uo(0) fllLsee S \/—HfHL3/2oo

Using this estimate, we obtain for all ¢t € [0,7] and k =1,..., Ny

6= 9Ol S | <=1Vl X0 = WD) 13
+ Vhlolt - w'» (@l + 1 (Valpl (6 = )0 e

+ Z H HL3/200 d(T

je{1,2,3}
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Since || - ||lzs € L**, by Hélder’s inequality on L3/%°, we obtain for all o € (0,¢) and
k= 17~~7Ne1 that

Nnuc

|(Vess[X ()] (¥ = )0 [ por2ee S ZH\ o) paee [l (W — ¥h) (0) ] 15

N ||| . | Y paee | (e — 13) (0) || 1.0
S (W — i) (0) || zs.oe-

Note also that

I(Valpl (¥ = ¥ )i(@) | psrzee S o) [ |7 | poe (v — 3) (0) [ e (8.3)
S @)z lll - 1M zase 1 (vr — k) (@)l (8.4)
< Cull (Ve = ¥p) (@) || 3.

for some Cn = Cu(||¥llco(o,7); m2(rs,cvay)) > 0. Here, we have used Holder’s inequality
on L*?> in (8.3) and Young’s convolution inequality on L** in (8.4). Moreover,

IVl (v = )@ psrzee S (@] 2o (W = 3)(0) | o (8.5)
S Me(@))* s ll (@ — ¥i) (o)l 190 (8.6)
< Cull(r — ) (0) [z 8.7

for some Cx = Cy(|[9]lcoqo,pm2 eV @) > 0. Here, we used Holder’s inequality
on L3/%* in (8.5) and [4, Chapter 4, Prop. 4.2.] in (8.6). In (8.7), we used Sobolev’s
inequality with interpolation, and the embedding of H? into L, by which, with
0 :=6(qg—1)>6,

(@)1 Izs < ZII )OO

ZH% e 19k (0)IZe < Z”wk”COOT]H2
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On the other hand

1€ (@)illooome < D =Xu (@)™ = |+ =X ()70, | porne
g
=2 - =Xk = X)) @) = - 0o, + X2
K=1 .
S [len(o)llze Z 1171 =(Xk = Xg) (@)l s/ %
X |(Xk = XK)(U)! (8.8)
Nnuc
S lxllcoqoria Il - 17 1IILBooX: I+ =(Xx = Xj) (@)~ [ %
x |(Xx — Xi)(0)] (8.9)

S 1Vkllco o 1] 17 I Zsee (X — X7) (o)
S illcoqo,ma2y (X — X (o).

where we used the triangle inequality written as || - | — | - —(Xx — Xk)(0)]]
(X — X4)(o)] in (8.8), Holder’s inequality in L3/%* and the embedding of H? into L™
n (8.9). Moreover,

I @il oo < ZH{[(W W) (o) (e + ) ()] # |- 17 1 (0) | sz
S ZH[(W V(o)W + ) (o) * | |7 e ¥k (0) |2 (8.10)
p ZH[(W V) (o) (e + ) ()] # | 17 I zoz ¥ (0) ] 2 (8.11)

< klleogo,rare) Z (e — ) (@) (e + ) (0) ] yoss.2 X
/=1
I 17 see (8.12)
S il oo, x

xSl + Il e — ) @lse (8.13)

< Gof|(¥ ¢/)(U)HL3,°°(R3;(CNel)

for some Cy = Co([[¥l co(o.r1m2meschenys 1Yl cogo.r) m2mescvayy) > 0. Here, we used
Holder’s inequality on L3/%* in (8.10), [4, Chapter 4, Prop. 4.2.] in (8.11), Young’s
convolution inequality on L%2 in (8.12), and Hélder’s inequality on L5/%? in (8.13).



CONTENTS 33

Finally,

3 (5.13)

1S @il S ag o) T2 4 [0 (0)]7 22| el |90 (0) [10(0) — &' ()] /20
< [o@)1E27 + 116 ()14 g (o) | .oe
x [[|(¢ = ¢") (o )‘”Li”oo R3;CNel) (8.14)

Nei
o [ lweto) %3+§Jwy 12 i) s x

x Z (e = 97) (0) | 2. (8.15)

B (LT A (5.16)

for some C3 = Cs(|[%|co (0. 2R3 :c¥e))s 1Y |00 (0,77 2R3 cNer))» @) > 0. Here, we used
Holder’s inequality on L¥%°° in (8.14); (5.19), [4, Chapter 4, Prop. 4.2.] in (8.15); and
Sobolev’s embedding theorem with interpolation in (8.16). Since all of these estimates
hold for all o € (0,¢), and k =1,..., Nq, (8.2) follows. O

Proof of Theorem 1.1. Let 7 > 0 be such that the following statements hold. For
given ¥ € Bg(7), (1.6) has a unique solution X € Bp..(7) N C*([0,7]; Bs(X?)), and
for given X € Byuc(7), (1.4) has a unique solution 1 € B (7). Existence of such 7
has been proven in Lemmas 6.1 and 7.1. Existence of the solution (X,v) € X(7) to
(1.1) has been proven in Lemma 8.1. Uniqueness of this solution follows from Lemma
8.2. For two solutions (X,),(X',¢') € X(r) and p > 2, let us define the function
h e C°([0,7];Ry) by

h(t) == (X = X))+ 1 = ) ()] 3.0 s onen -

Since X and X’ both solve (1.6) on [0, 7] and thus are fixed points of the mapping 7 in
(6.2), for all t € [0, 7]

|M—XWM§A%—@NVa%wMa

Now, using this in combination with Lemma 8.2 in (8.17) and Hoélder’s inequality, for
all t € [0, 7]

ht) 5pc{/t (t—o+ \/tl__a)x
x [[(X = X))+ (¥ - ¢/)(U)||L3v°°(R3;(CNe1)]do-}p (8.17)

pi/p P
L1([0,t;R)

t
I nmmmpwolhwmm

scfe--

1
1 j2

Vit —-

sofe--+

LP' ([0,t];R)



CONTENTS 34

where C' = C([[¢lcoo.; m2s.cvenyys 1 |0 0,7 2R3, 0May)) 18 from Lemma 8.2, Now,
using Gronwall’s inequality, we obtain h < 0 on [0,7]. Since h > 0 too by definition,
and h(0) = 0 since X (0) = X’(0) = X° and ¢(0) = ¢'(0) = ¥°, we get h = 0, by
which (X, ) = (X’,4'). This completes the proof. ]
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Appendix A. Notation

Throughout the paper, we make use of the following notation:

e We use A < B to denote |A| < CB, where 0 < C' < 0.

e We use A S, B to denote dependence on parameters «, 5: so, |A| < C, B with
0 < Cyp < 00. In our notation, A S, B Sp I means that A S, 5T

~

Further, we make use of the following normed spaces:

e We use the notation LP"(R3) = LP" p € [1,00), r € [1,00], for Lorentz spaces,
with

— the radial non-increasing rearrangement of measurable functions f on R3
fr(t) = inf{s > 0] {x € R?||f(2)] > s}| < t},
— the average of f*
1 t
= [ res
0

and
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— the norms

r > *% Tdt
e Al
0

on LP" r < oo, and

| llzroe = sup [t1/7 f(1)]
teR

on the weak Lebesgue spaces L.

e We use the notation W*P(R3) = W*? and W*? = H* k € N, p € [1,00], for
classical Sobolev spaces, setting in particular

11z = £z + I AF]Z:
Further, we make use of the following inequalities:

e Holder’s inequality on Lorentz spaces. [25] Let f € LPv@%, g € L[P>%2  with
p1,P2 € (0,00), g1, 2 € (0,00]. Then

1F - glliers Spipeara [ Fllpealigllzes o (A1)

with 1/r =1/p1 +1/pa, 1/s = 1/q1 + 1/qo.
e Young’s convolution inequality on Lorentz spaces. [34, Thm. 2.10.1] Let f €
L g e [P>9 with 1/p; + 1/ps > 1. Then

£ % glle < 3l Fllzonn llgl e

with 1/r =1/p; +1/py — 1 and s € [1, 00| such that 1/q; +1/g2 > 1/s.
e Hardy’s inequality: [17]

Il =17 fllzz < 20V fllz2 (A-2)

for all f € H' and 2 € R3.
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